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Abstract: We obtain the asymptotic behavior of the Takhtajan-Zograf metric on the
Teichmiiller space of punctured Riemann surfaces.

0. Introduction

We consider the Teichmiiller space T, , and the associated Teichmiiller curve 7 ,, of
Riemann surfaces of type (g, n) (i.e., Riemann surfaces of genus g and withn > 0 punc-
tures). We will assume that2g —2+n > 0, so that each fiber of the holomorphic projection
map m:7, , — T, p is stable or equivalently, it admits the complete hyperbolic met-
ric of constant sectional curvature —1. The kernel of the differential T’Z;,,,1 — TTgn
forms the so-called vertical tangent bundle over ’Tg, n, Which is denoted by TV’Z;,’ n. The
hyperbolic metrics on the fibers induce naturally a Hermitian metric on TVTg, n-

In the study of the family of d;-operators acting on the k-differentials on Riemann
surfaces (i.e., cross-sections of (TVIM)*k |n_1(s) — 77 (s), s € T,,), Takhtajan
and Zograf introduced in [TZ1] and [TZ2] a Kéhler metric on T ,, which is known as
the Takhtajan-Zograf metric. In [TZ2], they showed that the Takhtajan-Zograf metric
is invariant under the natural action of the Teichmiiller modular group Mod, , and it
satisfies the following remarkable identity on T} ,:

6k —6k+1 1 1
1Ak, pok) = ——————— - —SOWP — —WTZ.

12 w2 9
Here A; = det(ind 8;) = A™*Ker d; ® (A™*Coker ;) ! denotes the determinant line
bundle on T ,, po .« denotes the Quillen metric on A, and wwp and wrz denote the
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Kihler forms of the Weil-Petersson metric and the Takhtajan-Zograf metric on T ,
respectively. In [We], Weng studied the Takhtajan-Zograf metric in terms of Arakelov
intersection, and he expressed the class of wtz as a rational multiple of the first Chern
class of an associated Takhtajan-Zograf line bundle over the moduli space M, , =
T, n/Modg ,,. Recently, Wolpert [Wol5] gave a natural definition of a Hermitian metric
on the Takhtajan-Zograf line bundle whose first Chern form gives wrz.

Motivated in part by these developments, we are interested in studying the bound-
ary behavior of the Takhtajan-Zograf metric on Ty ,. Along this direction is an earlier
result of Obitsu [O1], who showed that the Takhtajan-Zograf metric is incomplete. We
are also inspired by Masur’s beautiful paper [M], which gave the asymptotic boundary
behavior of the Weil-Petersson metric on T, := Ty ¢ (see also [Wolp5] and [OW] for
recent improvements of this result).

Our main result in this paper is to give the asymptotic behavior of the Takhtajan-
Zograf metric near the boundary of T, ,, which we describe heuristically as follows.
Near the boundary of Ty ,, the tangent space at any point in Ty , can be roughly con-
sidered as the direct sum of the pinching directions and the non-pinching directions
(that are ‘parallel’ to the boundary). Roughly speaking, our result shows that the Tak-
htajan-Zograf metric is smaller than the Weil-Petersson metric by an additional factor of
1/|1log |t|| along each pinching tangential direction, i.e. it is essentially of the order of
growth 1/]¢|>(log |t])* along the pinching direction corresponding to a pinching coor-
dinate 7. Also, we show that the Takhtajan-Zograf metric extends continuously along
the non-pinching tangential directions to the “nodally-depleted Takhtajan-Zograf met-
rics” on the boundary Teichmiiller spaces, which, unlike the case of the Weil-Petersson
metric, are only positive semi-definite on the boundary Teichmiiller spaces. Our result
also leads immediately to an alternative proof of the above mentioned result of Obitsu
on the non-completeness of the Takhtajan-Zograf metric (see Theorem 1 for the precise
statements of our results.)

An important ingredient in the proof of our main result is to obtain certain estimates
on degenerative behavior of the Eisenstein series in the setting of holomorphic families
of degenerating punctured Riemann surfaces, which seem to be of considerable indepen-
dent interest. These estimates are largely obtained by geometrically constructing suitable
germs of comparison functions for the Fisenstein series near the nodes and punctures.
We also need to make certain adaptations from Masur’s paper [M].

This paper is organized as follows. In Sect. 1, we introduce some notation and state
our main results. In Sect. 2, we describe the behavior of the hyperbolic metrics on the
punctured Riemann surfaces upon degenerations. In Sect. 3, we recall Masur’s construc-
tion of a certain local basis of regular quadratic differentials for a degenerating family
of punctured Riemann surfaces. In Sect. 4, we derive the necessary estimates of the
Eisenstein series near the punctures and nodes of a degenerating family of punctured
Riemann surfaces. Finally we complete the proof of our main result in Sect. 5.

1. Notation and Statement of Results

1.1. For g > 0 and n > 0, we denote by T , the Teichmiiller space of Riemann
surfaces of type (g, n). Each point of T , is a Riemann surface X of type (g, n), i.e.,
X = X\{p1...., pn}, where X is a compact Riemann surface of genus g, and the punc-
tures py, ..., pp of X aren distinct points in X. We will always assume that2g—2+n > 0,
so that X admits the complete hyperbolic metric of constant sectional curvature —1. By
the uniformization theorem, X can be represented as a quotient H/ I" of the upper half
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plane H := {z € C:Imz > 0} by the natural action of Fuchsian group I' C PSL(2, R)
of the first kind. I" is generated by 2g hyperbolic transformations Ay, By, ..., Ag, By
and n parabolic transformations Py, ..., P, satisfying the relation

A1BIAT B AgBy A B PPy Py =1d

Letzy, ..., zn € RU{oo} be the fixed points of the parabolic transformations Py, ..., P,
respectively, which are also called cusps. The cusps z1, .. ., z, correspond to the punc-
tures pip, ..., pp of X under the projection H — H/I" >~ X respectively. For each
i=1,2,...,n,itis well-known that P; generates an infinite cyclic subgroup of I', and
we can select o; € PSL(2, R) so that 0;(0c0) = z; and ai_lPi(ri is the transformation
z+> z+1lonH. Foreachi = 1,2,...,n and s € C, the Eisenstein series E;(z, s)
attached to the cusp z; is given by

Ei(z.s)== ». 1Im(o;'y2)’, zel (1.1.1)
ye<Pi>\T

If Res > 1, then the above series is uniformly convergent on compact subsets of H.
Moreover, E;(z, s) is invariant under I', and thus it descends to a function on X, which
we denote by the same symbol. Furthermore, it is well-known that

AnpEj =s(s —1)E; onX, (1.1.2)

where Apy, denotes the hyperbolic Laplacian on X (see e.g. [Ku]).

The Teichmiiller space T, , is naturally a complex manifold of dimension 3g — 3 +n.
To describe its tangent and cotangent spaces at a point X, we first denote by Q(X)
the space of holomorphic quadratic differentials ¢ = ¢ (z) dz> on X with finite L'
norm, i.e., f x |#] < oo. Also, we denote by B(X) the space of L°° measurable Bel-
trami differentials © = w(z)dz/dz on X (ie., |[illoo = ess.sup cx|u(z)] < 00).
Let HB(X) be the subspace of B(X) consisting of elements of the form ¢/p for some
¢ € O(X). Here p = p(z)dzdz denotes the hyperbolic metric on X. Elements of
H B(X) are called harmonic Beltrami differentials. There is a natural Kodaira-Serre
pairing (, ): B(X) x Q(X) — C given by

(u, @) =/XM(Z)¢(Z)dde (1.1.3)

for u € B(X) and ¢ € Q(X). Let Q(X)J- C B(X) be the annihilator of Q(X) under
the above pairing. Then one has the decomposition B(X) = HB(X) ® Q(X)*1. It is
well-known that one has the following natural isomorphism:

TxTgn ~B(X)/Q(X)* ~ HB(X), and
TiTen ~0(X) (1.1.4)

with the duality between Tx T, , and T; T, » given by (1.1.3). It should be remarked that
Bers was responsible for many of the concepts described above (see [Be]).

The Weil-Petersson metric g"¥ and the Takhtajan-Zograf metric g% on Ty, (the
latter being introduced in [TZ1] and [TZ2]) are defined as follows (see e.g. [IT, Wolp2]
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and the references therein for background materials on gWF): for X € T, n and u,
v € HB(X), one has

VP (. v) =/ 1p,
X

n
gTZ(M, V) = Zg(l)(,u, V), where

i=1

g(i)(u,v)z/ E;(-\Quvp, i=1,2,....n (1.1.5)
X

(see (1.1.1)). It follows from results in [A2,Ch, Wolp1,TZ2,01] that the metrics g™,
g, g™ are all Kihlerian and non-complete. Note that g% is well-defined only when
n > 0. Moreover, each g is intrinsic to the corresponding cusp p; in the sense that if
an element y in the Teichmiiller modular group Mody ,, carries the cusp p; to another
cusp pj, then y also carries g to g, To facilitate subsequent discussion, we will
call g the Takhtajan-Zograf cuspidal metric on T, » associated to the cusp z; (or the
puncture p;).

The moduli space M , of Riemann surfaces of type (g, n) is obtained as the quotient
of T, , by the Teichmiiller modular group Mod, ,, i.e., Mg, >~ T, ,/Mod, , (see e.g.
[N]). As such, My , is naturally endowed with the structure of a complex V-manifold
([Ba]). The metrics gWP and gTZ (but not each individual g(i ) unless n = 1) are invariant
under Mody , and thus they descend to Kéhler metrics on (the smooth points of) My ,,
which we denote by the same names and symbols.

1.2.  To facilitate the ensuing discussion, we consider some related pseudo-metrics on
the associated boundary Teichmiiller spaces of Ty .

As in [M] (in the case of T o), we denote by 8y, ..., T, » the boundary Teichmiiller
space of Ty , arising from pinching m distinct points. Take a point Xo € 8y, ...y, To.n-
Then X is a Riemann surface with n punctures py, ..., p, and m nodes qi, ..., gm-
Observe that X3 := X\{q1, ..., gn} is a non-singular Riemann surface with n + 2m
punctures. Each node ¢g; corresponds to two punctures on X (other than py, ..., p,).
Denote the components of X(‘)’ by S, @« = 1,2, ...,d. Each S, is a Riemann surface of
genus g, and with n, punctures, i.e., Sy is of type (g4, 1y ). It will be clear in Sect. 1.3
that we will only need to consider the case where 2g, — 2 + ny, > 0 for each «, so that
each S, also admits the complete hyperbolic metric of constant sectional curvature —1.
It is easy to see that Zz:l (384 —3+ny) +m = 3g — 3 +n. With respect to the disjoint
union X, 8 = Uzzl Sy, one easily sees that 8, . ,, T, » is a product of lower dimensional
Teichmiiller spaces given by
vmLen = Tgyny X Tgyny X -+ X Tgy ny (1.2.1)

.....

with each Sy € Ty, »,, @ = 1,2,...,d. Recall that the punctures of S, arise from
either the punctures or the nodes of X, and for simplicity, they will be called old cusps
and new cusps of S, respectively. Denote the number of old cusps (resp. new cusps)
of Sy by n, (resp. n), so that ny, = n,, + n/,. We index the punctures of S, such that
{Pa.it1<i<n;, denotes the set of old cusps, and {pa,i}n; +1<i<n, denotes the set of new

cusps. For each o and i, we denote by g(*? the Takhtajan-Zograf cuspidal metric on



Asymptotic Behavior of the Takhtajan-Zograf Metric 231

Ty, n, With respect to the puncture py; (cf. (1.1.5)). Now we define a pseudo-metric

§1%% on Ty, ,, by summing the g(*’s over the old cusps, i.e.,
§TZe = Z g, (1.2.2)
1<i<n],

If none of the punctures of S, are old cusps, then g7%¢ is simply defined to be zero

identically. As such, g74¢ is positive definite precisely when S, possesses at least one
old cusp. Note that by contrast, the Takhtajan-Zograf metric gT% on T, n, 1s given by

gre = 21<i<na g@? and g% is always positive definite.

Definition 1.2.1. The nodally depleted Takhtajan-Zograf pseudo-metric g% 1>+ ¥n)
ondy, ... ym T n is defined to be the product pseudo-metric of the ngZ’“ 'sonthe Ty, s,
ie.,

5TZ.(v1,-vn) ) —
(8)’1 ----- Ym Tg’n » 8 " -

1

d
(Tgung- 877°) . (12.3)
=1

1.3. Let M, , be the moduli space of Riemann surfaces of type (g, n) as in (1.1),
and let ﬂg, n denote the Knudsen-Deligne-Mumford stable curve compactification of
Mg n (IDM][KM,Kn]). Like Mg ,, Mg,n admits a V-manifold structure, which we
describe as follows. Similar description for mg (i.e., when n = 0) can be found in [M]
or [Wolp3].

Take a point X € Mg,n\./\/l ¢.n- Then Xy is a stable Riemann surface with n punc-
tures pi, ..., pp and m nodes qi, ..., g, for some m > 0. Thus we may regard X
as a point in &y, .y, Te.n (cf. (1.2)). Write Xo\{q1, ..., qgm} = Ui<a<aSe and write
Sytreym Lo = ngl T, .n, With each component S, € Ty, ,, as in Sect. 1.2. Note
that since Xy is stable, each S, admits the complete hyperbolic metric of constant sec-
tional curvature —1. Also, for some 0 < r < 1, each node ¢; in X( admits an open
neighborhood

.....

.....

N; = {(zj,w;) € C*:|zj|, lwjl <7, zj -wj =0} (1.3.1)

so that N; = Nj! U N}, where N} = {(z;,0) € C%z;| < r}and N} = {0, w)) €
C% |w j| < r}are the coordinate discs in C2. Without loss of generality, we will assume
that r is independent of j, upon shrinking r if necessary. For each «, we choose 3g, —

3 +n, linearly independent Beltrami differentials vi(a), 1 <i <3gq—3+ng, whichare
supported on Sy \ U’}Zl N, so that their harmonic projections form a basis of T, T, ,

(cf. (1.1.4)). For simplicity, we rewrite {Ui(a)}lsasd,lsis3ga—3+na as {vih1<i<3g—3+n—m-
Then one has an associated local coordinate neighborhood V of X¢ in &y, ., Te.n
with holomorphic coordinates T = (7, ..., T3g—3+n—m) such that X¢ corresponds to
0. Shrinking and reparametrizing V if necessary, we may assume V ~ A38=3+1—m
where A = {z € C:|z| < 1} denotes the unit disc in C. For a point 7 € V, one has

the associated Beltrami differential w(t) = Z?i 1_3+"_m 7; v; and a quasi-conformal

homeomorphism w*(™): Xy — X, onto a Riemann surface X satisfying

Juwh(® Juwh(®

(1.3.2)
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The map w”*() is conformal on each N, j = 1, ..., m, so that we may regard N; C X
for each j. Then foreacht = (11, ..., t,,) with each |¢;] < r, we obtain a new Riemann
surface X, ; for X; by removing the disks {z; € N}: lzjl < tjl} and {w; € NJZ: lwj| <
|#;1} and identifying z; € N} withw; =t;/z; € N]g, j =1,..., m. Then one obtains
a holomorphic family of noded Riemann surfaces {X; ;} parametrized by the coordi-
nates (£, 7) = (1, -+, bys Tty - - - » T3g—34n—m) Of A"(r) x V 22 A™(r) x A3§=3tn=m
where A™(r) denotes the m-fold Cartesian product of the disc A(r) = {z € C: |z| < r}
in C. Moreover, the Riemann surfaces X; ; with (t, ) € (A*(r))" x V are of type
(g, n), where A*(r) = A(r)\{0}. The coordinates t = (t1, ..., t,,) will be called pinch-
ing coordinates, and T = (71, ..., 33_34n—m) Will be called boundary coordinates. For
1 < j < m,leta; denote the simple closed curve |z;| = |w;| = |tj|% on X; r. Shrinking
A" (r)and V if necessary, it is known that the universal cover of (A*(r))"” x V is naturally
adomainin T , and the corresponding covering transformations are generated by a Dehn
twist about the «;’s. Since Dehn twists are elements of Mod, ,, the Mod, ,-invariant
metrics g"F and g4 descend to metrics on (A*(r))™ x V, which we denote by the same
symbols and names. It is well-known that each X € Mg,,, \M , admits an open neigh-
borhood U in Mg,n together with a local uniformizing chart x: U >~ A™(r) x V — U
for some A™(r) x V as described above, where y is a finite ramified cover. Obviously
the metrics gWP and gTZ on (A*(r))™ x V C U may also be regarded as extensions of
the pull-back of the corresponding metrics on the smooth points of UnM ¢.n via the
map x.

1.4. Before we state our main result, we first need to make the following definition.

Definition 1.4.1. Let X be a Riemann surface with n punctures py, . . ., p, and m nodes
q1s .-, qm- A node g; is said to be adjacent to punctures (resp. a puncture p;) if the
component of Xo\{q1, ..., qi—1,qi+1, - - -, gm} containing q; also contains at least one
ofthe p’s (resp. the puncture p ;). Otherwise, itis said to be non-adjacent to punctures
(resp. the puncture p ;).

Now we are ready to state our main result in the following

Theorem 1. For g > 0 and n > 0, let Xq € ./Vg,n\./\/lg,n be a stable Riemann surface
with n punctures pi, ..., p, and m nodes qi, ..., gy arranged in such a way that g;
is adjacent (resp. non-adjacent) to punctures for 1 <i < m’ (resp. m' +1 <i < m).
Let U be an open neighborhood of X in Mg,n, together with a local uniformizing
chart ¥:U >~ A"™(r) x V — U, where V =~ A38=31=m is 4 domain in the boundary
Teichmiiller space &y, . ...y, Te.n corresponding to Xo and with each y; corresponding
to qi. Let (s1,...,83g-34n) = ({1 - .o, Iy T1y + -+, T3g—34n—m) = (1, T) be the pinching
and boundary coordinates of U, and let the components of the Takhtajan-Zograf metric
g™ be given by

a 0
g =g"—,—), 1<i,j<3g—3+n, (1.4.1)
L ds; 0s;
on U* := (A*(r))™ x V C U. Then the following statements hold:
8

(i) Foreachl < j <m and any ¢ > 0, one has

limsup  |t;]*(—log |z,-|)4—€gjfj%(t, 7) =0. (1.4.2)
(t,7)eU*—(0,0)
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(ii) Foreach 1 < j <m' and any & > 0, one has

liminf  |t;1%(—log |t;)** ¢™4(t, T) = +00. 143
(t,r)glr}*g(o’o)ljl( oglt;N™ g5, ) (1.4.3)

(iii) Foreach 1 < j, k < m with j # k, one has
1
|1 12| (log 2 )3 (log |1k )3

|gj?,§(r, D=0 ( ) as (t,7) € U* = (0, 0).

(1.4.4)
(iv) Foreach j,k > m+ 1, one has
: 7Z _ ;T2 vm)
I L (GRS (0,0). (1:45)

(v) Foreach j <mandk > m + 1, one has

1

m) as (t,7) € U* — 0, 0). (1.4.6)
J J

1z —
i@, =0 (
Herein(1.4.5), g;?(” """ Ym) denotes the (j, k)™ component of the nodally depleted
Takhtajan-Zograf pseudo-metric on 8y, ... y,, Te n (cf. Definition 1.2.1).
Remark 1.4.2. (i) Theorem 1(i) is equivalent to the following statement: For each
1 < j <mandany ¢ > 0, there exists a constant C| . > 0 (depending on €) such that
Cl,s

7) < forall (¢, 7) € U*. (1.4.7)
|12 (= log [1;)*~*

TZ
Similarly, Theorem 1(ii) is equivalent to the following statement: For each 1 < j < m’

and any ¢ > 0, there exists a constant C3 . > 0 (depending on €) such that

C2,8
|2(—log | )+

g%, 1) > forall (1, 7) € U*. (1.4.8)
JJ |[ |

(i1) In view of Theorem 1(i) and (ii), it is natural to ask the following question: Does the

stronger estimate

g/T;Z(r, 7) ~ hold for 1 < j <m’ and (¢t,7) € U*? (1.4.9)

Itj12(—log |;[)*

The methods of this paper does not seem to generalize easily to answer this question.

2. The Hyperbolic Metric

2.1. In Sect. 2, we are going to give some uniform estimates for the family of hyper-
bolic metrics near the punctures and nodes of degenerating Riemann surfaces. For a
degenerating family of compact Riemann surfaces (i.e. n = 0), Wolpert [Wolp3] has
developed from the prescribed curvature equation results which are stronger than what
is described in this section. Since the estimates in the form that we need in our ensuing
discussion were discussed explicitly only in the case when n = 0 in [M] and [Wolp3],
we include here the modifications arising from the punctures for the convenience of the
reader. Throughout this article, hyperbolic metrics will always be normalized to be of
constant sectional curvature —1. First we have
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Lemma 2.1.1. Let S be a hyperbolic punctured Riemann surface with hyperbolic metric
p. Let A*(r) = {z € C:|z| < r} (withr > 0) be a punctured coordinate neighborhood
of a puncture p of S with the origin 0 corresponding to p. Write p = p(z) dz ® dz on
A*(r). Then one has

lim [2]% (og|z)* p(2) = 1.

Proof. First recall from (1.1) that we may write S = H/ ', where H = {Z = X +iY €
C:Y > 0}andI" C PSL(2, R). Moreover, upon conjugation by an element in PSL(2, R)
if necessary, we may assume that the puncture p corresponds to the cusp co and the
subgroup ' of I' fixing oo is generated by the transformation Z +— Z + 1. It is
well-known that for some R > 0, one has yAN A = ¢ for some y € I'no\I', where
A={Z =X+iY e H:Y > R} (cf. e.g. [FK, p. 216] or Remark-Definition 2.1.2(ii)
below). It follows that the function

w(Z) = 7% (2.1.1)

on A descends to the coordinate function on the punctured coordinate neighborhood
A*(rg) = {w € C:0 < |w| < ro} of pin S with p corresponding to the origin 0, where
0 < ro = e 2R < 1. Being descended from the hyperbolic metric dZ @ dZ/Y? on H,
one easily sees that
dw ® dw
77 TwPdogu))?

Now, if z is any coordinate function of S near p with z(p) = 0. Then w can be regarded
as a holomorphic function of z near p with w(0) = 0 and C := w’(0) # 0. By Taylor’s
theorem, we have

on A*(ro). (2.1.2)

w=Cz+0(» and w'(z) =C+0(2)

as z — 0. Together with (2.1.2), it follows that p is given in terms of z near p by

lw'(z)2dz ® dz IC + 0(2)|?dz ® dZ

? = w@Plog[w@D? ~ PIC+ 0@ (log 2] +log [C + 0@’

and upon letting z — 0, Lemma 2.1.1 follows immediately. O

Remark-Definition 2.1.2. (i) For simplicity, a local holomorphic coordinate function w
of a hyperbolic Riemann surface S defined near a puncture p with w(p) = 0 will be
said to be standard if it is descended from the Euclidean coordinate function on H via
(2.1.1) (so that the hyperbolic metric p of S satisfies (2.1.2) near p). If S has nodes, such
a definition will also be applied to the punctures of S \ {nodes} (instead of S). As seen
above, such standard coordinate functions always exist near the punctures of S.

(i) It follows from the collar lemma for non-compact surfaces (cf. e.g. [Bu, Theorem
4.4.6, p.111-112] that we may always take R = % (and thus r, = ¢~ ™) in the proof of
Lemma 2.1.1.

Notation as in §1. Let Xg € Mg,,, \ M., be a Riemann surface with n punctures
P1s ..., ppandmnodes q1, ..., gm, and let U be an open neighborhood of X in Mg,,,
together with a local uniformizing chart x: U — U, where U ~ A"(ryxV ={(t, 1) =
(oo bny Ty e ey Tag—3an—m)it € A"™(r),T € V}and V >~ A3873"=" 5 an open
coordinate neighborhood of X in 8y, ...y, T;.» asin (1.3). Let X := {X; ¢} r)ev be
the corresponding family of Riemann surfaces parametrized by U with Xo = X(0,0),
and let m: X — U denote the holomorphic projection map. Fix a puncture p; of Xj.
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Shrinking U if necessary, it is easy to see that there exists an open coordinate subset
Wi = A*(R) x U of X such that 7|y, is given by the projection onto the second fac-
tor, and each point (0, (¢, 7)) corresponds to the puncture on X, ; associated to p; (in
particular, (0, (0, 0)) corresponds to p; itself). Shrinking R and V if necessary, we will
assume without loss of generality that R is independent of i, and each W; cC W/ for
some similarly defined open coordinate subset X of the form

W/ = A*(R) x U with U =A"(@")x V', V' =~ A¥3=m@E)y (2.1.3)

forsome0 < R< R <1,0<r <r <1land$ > 1. Foreach (¢, ) € U, we denote
the hyperbolic metric on X, ; by pr , and we denote W; ; r :== W; N X; ; =~ A*(R) and
W/, . =W/ N X, = A*(R'). We also write

pr.c = Pr,2(2i)dz; ®dz; = p(zi, t,7)dz; @ dz; on Wi/,z,r' (2.1.4)

Then it follows from a result of Bers [Be] that the function p(z;, ¢, T) on W/ is locally
uniformly continuous in all the variables.

Proposition 2.1.3. (i) For each 1 < i < n, there exist constants C1, C» > 0 such that
forall (t,t) € U, one has

Ci < pralz) < 6))
—= < p , i) < ——————~
lzi2(og|zi)? = " T Jzi2(log |zi )2
(ii) (Strengthened version of (i)) If, in addition, z; is a standard local holomorphic
coordinate function for X (cf. Remark-Definition 2.1.2), then the inequality in (2.1.5)
remains valid with the constants C1, Cy replaced by positive continuous functions
Cit.z, Coy 1 (depending on t, T) respectively and satisfying

on Wi . (2.1.5)

Citz, Copr— 1 as(t,t)— (0,0). (2.1.6)

Proof. For simplicity, we will drop the subscript i, so that W = W;, W; ; = W;; .,
W,’)T = Wl-”w, z = z;, etc. First we remark that it is well-known (and follows also from
the arguments in Lemma 2.1.1) that (2.1.5) holds for a fixed punctured Riemann surface;
in other words, there exist constants C1,0,0, C2,0,0 > O such that

C1,0,0 C2,0,0
2 < po0(2) = BE

1zI2(log |z])2 T2 e N2 W o = A*(R). 217
|z|2(log |z] (log |z])2 on Wo.o (R) (2.1.7)

For each (¢, ) € U’, since p; . is of constant sectional curvature —1, it follows that one
has
Aplog p(z,t, 1) =2p(z,t,7) on A*(R'), (2.1.8)

where Ag := 982/9x2 + 8%/dy? (with z = x + iy) is the Euclidean Laplacian. Consider
the continuous function

7t7 1
f(z,t,7) =log pG 1, T) on W ~ A*(R) x U’. (2.1.9)

£0,0(2)
We extend f to a function on A(R’) x U’ by letting

£0,t,7) =0 forall (t,7) e U'. (2.1.10)
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Then it follows from Lemma 2.1.1 that for fixed (¢, ) € U’, f(z, t, T) is continuous in
the variable z € A(R’). By applying the Mean Value Theorem to the real exponential
function, one easily sees that for (¢, 7) € U’ and z € A*(R),

Aof(z,t,7) =2 (p(z, 1. 7) — po,0(z)) (by (2.1.8), (2.1.9))
5 (elog p(zt,T) _ log po.o(z))

=2¢" f(z,1,T) 2.1.11)

for some real number n = 7n(z, t, T) between log p(z, ¢, T) and log pp 0(z). By the max-
imum principle, it follows from (2.1.10) and (2.1.11) that for each (¢, t) € U’, one
has

max f(z,t,7) <max{0, max f(z,¢t, 1)}, (2.1.12)
z€A(R) z€dA(R)

where A(R) = {z € C:|z| < R} and dA(R) = {z € C:|z| = R}. By applying the
above arguments to the function — f, one also easily sees that for each (¢, t) € U’,

min f(z,t, 1) >m1n{0 min f(z t,7)}. (2.1.13)
7z€A(R) €dA(R

Observe also that f(z,0,0) =Oforallz € A(R ). Together with the uniform continuity
of f(z,t, 7) on the compact set dA(R) x U C W', where U ~ A" (r) x A3§—3+n—m C
U', it follows readily that there exists positive continuous functions Cj ; r, C2;.r on U
(which can be taken to be the exponential of the right-hand side of (2.1.13) and (2.1.12)
respectively) such that C1,90 = C2,0,0 = | and

Cre000(2) < p(z,1,7) < Cayep00(z) forall (1,7) € U and z € A*(R),
(2.1.14)
which, together with (2.1.7), lead to Proposition 2.1.3(i). Proposition 2.1.3(ii) is an
immediate consequence of (2.1.14). O

2.2.  Next we consider the behavior of the family of hyperbolic metrics near the nodes.
Let U = A™(r) x V be as in Sect. 2.1, and fix a node ¢; of Xo, where 1 < j < m.
Then it follows readily from Sect. 1.3 (and with slight abuse of notation (cf. (1.3.1)) that
there exists a local coordinate neighborhood N; = A" () x V of ¢ j in X’ such that
for fixed (¢, ) € U witht = (#1, ..., tiy), the set Nj, ; := N; N X, ; is given by

It

Njso={t, ... tj—1,2j, Wi, tjsl, ..., by, T) € Njizjw; =1}, o< lzj| <r}
t.
|—J| < |wj| <r}.

2.2.1)

={(t1, . -1, 2 Wy el e I, T) € Njizjw) =15,

When ¢; # 0, one can identify N;; ; as an annulus via coordinate projections as

It 121

NJ”<—>{ZJE(C—<|z/|<r}<—>{wje(C—<|wj|<r}. 2.2.2)

Note that when t; = 0, N;; ; consists of two open coordinate discs of radius r corre-
sponding to the cases when |z;| < 7, w; = 0 and when |w;| < r, z; = 0 respectively.
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In terms of the coordinates ¢, T and either z; or w;, we may also write N; = N ]1 U Njg,
where

1
N} ={(z;,1,7) € A(r) x U ||tj|2 < |zj| <r}, and

1
N]2 ={(wj,t,71) € A(r) x U | ;12 < |wj| <r}. (2.2.3)
For each (¢, t) € U, we also denote
1
N}’m = N} NX,:>{z; €C:tj|2 <zj| <r}, and
1
N7, =NinX~{wjeCiltyl? < lwj| <r). (2.2.4)

Recall also from Sect. 2.1 that, shrinking r if necessary, we will assume without loss of
generality that each N; CC N j’ for some similarly defined local coordinate neighbor-
hood N;. = A"y x V of g in X with r < r’ < 1, and thus we have corresponding
similarly defined sets N}’/, Nf’/, N}:t/,‘[’ N./z,yt/,r’ etc. For (¢, 7) € U’ with tj #0, we
define the function on N;; ; given by

T yrloglzj'l)2 (225)

CSC
|z log |¢;] log |¢;]

’O;,I,I(Zj) = (
via the first identification of (2.2.2). Observe that the expression for ,0;7 ;.7 actually does

not depend on t or #; for k # j. It is also easy to see that p;‘)t’ . 1s given by a similar
expression in terms of the coordinate w;. For (¢, 7) € U "with ¢ i = 0, we define p;f (o Dy

1

——————— on the z;-coordinate disc, (2.2.6)
|z;|?(log |z;1)? '

p;‘(’t’f (Z[) =

and by a similar expression on the w j-coordinate disc. Then it is well-known and easy to
see that the :07,;,: ’s glue together to form a continuous function on N /’ (with singularity
along the complex analytic subset z; = w; = 0 of complex codimension two), which
we denote by ,0;. Moreover, for each (¢, ) € U witht; # 0,

,o;-‘,t’r = p;-",,r(z]-)dz]- ®dzj = p}’»‘,,’r(wj)dwj Qdw; 2.2.7)

is the restriction of the complete hyperbolic metric on the annulus {z; € C: |¢;] < |z;] <
I}ON ]’ ; 7); when 7; = 0, similar statements also hold for the two corresponding punc-

tured coordinate discs. For fixed (r, 7) € U’ with t; # 0, we write
Pre = Pr,c(2j)dz; ®dzj = pr - (wj)dw; @dw; on N}’,’r. (2.2.8)

Proposition 2.2.1. (i) For each 1 < j < m, there exist constants C3, C4 > 0 such that
forall (t,7) € U witht; # 0, one has

C3p},.(zj) < pr2(zj) < Capj, . (zj) on N, . (2.2.9)

A similar inequality also holds for the coordinate w ;. In particular, there exist constants
Cs, C¢ > 0 such that for all (t, t) € U witht; # 0, one has

6 pre(zi) < G on N! (2.2.10)
|z;12(og z;)2 = 7" T 1z 2 (log |z1)? JT -

A similar inequality (with z; replaced by w ;) also holds for the region N,/Z,t, .
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(ii) (Strengthened version of (i)) If, in addition, z j and w ; are standard local holomorphic
coordinate functions for Xo (cf. Remark-Definition 2.1.2), then the inequalities in (2.2.9)
and (2.2.10) remain valid with the constants C3, Cy4, Cs, Cg replaced by positive con-
tinuous functions C3; ¢, Cay¢, Cs.1, Co,,r (depending on (t,t) € U (witht; #0))
respectively and satisfying

C3itrs Casr, Csp0, Copr —> 1 as (t,7) — (0,0). (2.2.11)

Proof. The proof of (i) for T, , withn > 0 is the same as the case of T o given in [M, p.
632]. Next we recall Bers’ result [Be] which implies that p(z;, ¢, 7) is locally uniformly
continuous in all variables at points where z; # 0. Then the proof of (ii) follows from
this result and a simple adaptation of that of (i) in a manner similar to Proposition 2.1.3,
which will be left to the reader. O

3. Regular Quadratic Differentials and the Weil-Petersson Metric

3.1. To facilitate the ensuing discussion, we recall in this section Masur’s construction
in [M] of a certain local basis of regular quadratic differentials for a degenerating family
of punctured Riemann surfaces. The concept of regular quadratic differentials dates back
to earlier works of Bers (see e.g. [Be]). Since only the case of a degenerating family
of compact Riemann surfaces was explicitly discussed in [M], we will indicate briefly
the necessary modifications arising from the punctures of the Riemann surfaces for the
convenience of the reader. Similar to [M, p. 627], we first have

Definition 3.1.1. (a) Let X be a Riemann surface with possibly both punctures and
nodes, and denote the smooth part of X by X°. For k = 1, 2, a regular k-differential ¢
on X is a holomorphic section of K §0 such that (i) ¢ has at most a simple pole at each
puncture of X; and (ii) ¢ has at most a pole of order k at each of the two punctures of
X? associated to a node of X; moreover, the residues of ¢ at each such pair of punctures
are equal if k = 2 and opposite ifk = 1. Here we recall that the residue of ¢ = ¢ (z)dz*
at a point z = 0 is given locally by the residue of the abelian differential ¢ (z)z*~'dz.
(b) For k = 1,2, a regular k-differential on a family of Riemann surfaces with punc-
tures and nodes is a holomorphic function element on the total space which restricts to
a regular k-differential on each fiber.

We remark that when X has no punctures, the above definition is standard and well-
known (see e.g. [M, §4]). When X has no nodes, the space of regular 2-differential on
X coincides with the space of integrable holomorphic quadratic differentials on X.

Let Xy € Mg,,, \ My , be a Riemann surface with punctures py, ..., p, and nodes
qi,-..,qm,andlet U be an open neighborhood of X in Mg,n with a local uniformizing
charty: U ~ A™(r)xV — U, where V =~ A38=31-m jg 4 domain in a suitable bound-
ary Teichmiiller space &y, ... y,, T¢.n asin Sect. 1.3. Also, weletm: X = {X; : }¢,0)ev —
U be the corresponding degenerating family of Riemann surfaces associated to a choice

of Beltrami differentials vy, ..., V3434, —m 0n X asin Sect. 1.3. As in the case of My o
in [M, p. 625-626] and for each 1 <i < 3g — 3 +n — m, the coordinate tangent vector
d/0t; at (¢, ) = (1, ...  tw, T1, ..., T3g—3+n—m) € U is identified with the Beltrami
differential
Vi wg(r)
Xtz 3.1.D)

_ 2 _
1 — ()l w?(r)o(w“(f)) 1
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where w#(?) is as in Sect. 1.3, and like the v;’s, it is easily seen to be of compact support
away from the punctures and nodes of X, ;. In addition, foreach 1 < j < m, the tangent
vector d/0t; at (¢, T) € U is identified with the Beltrami differential

9 1 zjdz 1 wjdw,
DL A wj (3.1.2)
3t; 2tjlogltj|zjdz;  2tjlogltj| w; dw;

supported on Nj;: C X, where N, . is asin (2.2.1) (cf. [M, p. 626]). Recall from
(2.2) the open coordinate neighborhood N; = A"™1(r) x V of each node g j of Xoin
X with the corresponding decomposition N; = N jl U sz given in (2.2.3). Recall also
from (2.1) the open coordinate neighborhood W; = A*(R) x U of each puncture p; of
Xoin X Itis also clear from the constructions in (1.3) that X"\ (U” (Wi U U’” 1 {N;D
can be covered by a finite number of coordinate neighborhoods {A¢}1<¢<¢, of X where
each Ay is of the form

=A(r) x U with Agrr = A¢ N X0 = A(re) x {(1, 7)) (3.1.3)

for each (¢,7) € U. Here, £, € Z*, and A(ry) = {z¢ € C||z¢| < r¢} with rg > 0.
For each non-empty subset J C {1,2,...,m},let B(J) = {(t,t) € U | tj = 0 for all
jeJ}andletT(J)={0/0t; |1 < j <m, j¢ JYU{3/dte |1 <€ <3g—3+n—m}.
Let U* >~ (A*(r))™ x V C U be as in Theorem 1. Shrinking U if necessary, one has

Proposition 3.1.2. ((M]). There exist regular 2-differentials ¢ = ¢y (z,t, T)dz>,
k=1,2,...,3g —3+n, on X = {X; :}¢,v)ev satisfying the following properties:

(i) Ateach (t, v) € U*, {pr}1<k<3g—3+n forms a basis of regular 2-differentials on X, -
dual to the ordered set of tangent vectors

{0/0tj}1<j<m U {0/0Te}1<t<3g—34n—m

via the identifications (3.1.1), (3.1.2) and with respect to the pairing in (1.1.3).

(ii) For each non-empty subset J C {1,2,...,m}, ¢ = 0on B(J) foreach k € J, and
{PrIkefl,....35—3+n)\J 18 dual to the ordered set T (J) on B(J) with respect to the pairing
in (1.1.3).

(iii) For each 1 < k, j < m, one has, on N},

b ¢
or(zj, t, 1) = = [zkj +a_1(zj,t,7)+ _22( ) K(e)al(t r):| (3.1.4)

J J t=1

where &y is the Kronecker symbol, each integer k(£) > 0, a_y has at most a simple
pole at z; = 0, and ag (¢ > 1) is holomorphic. In particular, there exist constants

Ci, Co, C3 > 0 such that on N}, one has

2] |t

L < 1pi(zj D) < Cos

|z . ||Z/|

(2. 1. T)] < c3|—"| ifl<k+#j<m.
]

Ci fl=<j=<m,

(3.1.5)

Similar expressions hold on N ,2 with respect to the (wj, t, T)-coordinates.
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(iv) Foreachm +1 <k <3g —3+nand 1 < j < m, one has, onN},

1 o 5 o
$i(zj,1,7) = $i(2,0,0) + — Z( )rj“)bz(r,r>+2z§cz(z,r>, (3.1.6)

] =1 {=—1

where each integer k(£) > 0, ¢ (z;,0,0) has at most a simple pole at z; = 0, and
by, c¢ are holomorphic with c¢(0, 0) = 0. In particular, there exists a constant C4 > 0
such that on N }, one has

C
lpr(zj, 1, T)| < ﬁ ifm+1<k<3g—3+nandl < j <m. (3.1.7)
J

Similar expressions hold on sz with respect to the (wj, t, T)-coordinates.
(v) For each 1 <i < n, one has, on W; = A*(R) x U,

td '7t5 .

. _ . Zi
O (zi 1, T) = di(zi 1, f’) . (3.1.8)
_ ifm+1<k<3g—3+n,
Zi
where each dy(zi, t, T) is holomorphic on W;. In particular, there exist constants Cs,
Cg > 0 such that on W;, one has

C5m ifl <k <m,

|pi(zi, 1, T)| < 6|Z’| (3.1.9)
Zi
i) Foreach 1 < € < {l,and 1 < k < 3g —3+n, ¢p(z¢,t, T) is holomorphic on
Ay = A(rg) x U. Moreover, for | <k < m, one has, on Ay,

di(ze, 1, 7) = —;ek(a,t 7) (3.1.10)

for some holomorphic function ex(z¢, t, T). In particular, upon shrinking ry if necessary,
there exist constants C7, Cg > 0 such that on Ay, one has

Crlte] i1 <k <m,

. (3.1.11)
Cg ifm+1<k<3g—3+n.

|pr(ze, 1, DI < [

Proof. The proof in the general case when n > 0 follows mutatis mutandis from the
discussions of the case when n = 0 in [M, §4, §5 and §7], to which we refer the reader
for details. Here we only indicate the necessary modifications arising from the punc-
tures. By adjoining n points to each fiber X; r corresponding to the punctures, one has
an associated family of compact Riemann surfaces 7: X — U, where the punctures

of the X, ;’s correspond to n non-intersecting holomorphic sections of 7, which we

denote by a(p ), . a,lp ) Applying the arguments of [M, Lemma 4.3], one can produce

a regular 1- dlfferentlal ¥ = Y¥(z,t,t)dz and 2g — 2 disjoint holomorphic sections
01 ...,024—2 of the family 7: X — U such that each o; (¢, 7) is a zero of ¥ (z, t, T)dz
and each o; (¢, ) misses the nodes and the punctures of X; .. Then using v and the
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2g — 2 +n disjoint sections o1, . . ., 022, ol(p), R O’,Ep), one can produce the desired

regular 2-differentials by following the arguments in [M, §5 and §7]. Finally we remark
that (3.1.5) (resp. (3.1.7)) follows readily from (3.1.4) (resp. (3.1.6)) and the inequality

|tj|% < |lzj| < r which holds on N} (cf. (2.2.3)). O

3.2.  Next we recall the well-known result of Masur [M] on the asymptotic behavior of
the Weil-Petersson metric g% on T, n. It should be remarked that this result has been
improved recently by Wolpert [Wolp5] and Obitsu-Wolpert [OW], where information
on higher order terms are obtained. Masur’s original result will be sufficient for our
purpose. As in Sect. 3.1, since only the case when n = 0 was explicitly discussed in
[M], we will indicate briefly the modifications needed for the case when n > 0 for the
convenience of the reader.

Proposition 3.2.1. ((M]). For g > O andn > 0, let X¢ € Mg,n\/\/lg,n with local uni-

ormizing chart ¥:U >~ A™(r) x V — 0 where V ~ A383tn—m g oy Ton,
ViseesVm + 8,
U* >~ (A(r)*)™ x V C U, and corresponding local coordinates

(S17~"9S3g—3+l’l) = (tla "'7t}n7r17 "'7r3g—3+l’l—m) = (t’ t)

be as in Theorem 1. Denote the components of the Weil-Petersson metric g™ by
a 9
gWP:gWP( ) 1<i,j<3g—3+n,

ij as,- ’ 8Sj

on U*. Then the following statements hold:
(i) For each 1 < j < m, one has

0 lim inf ti2(—log |t: )3 P t,T
<(tyr)éU*1_>(0,o)|j| (—loglz;]) g”( )
< limsup [t;]*(—log|t;[)*g" (1, 7) < 0. (3.2.1)
(t,7)eU*—(0,0) 17
(ii) For each 1 < j, k < m with j # k, one has

1
Itj1 1| (log | 1)3 (log |1 ])?

|gff .0 =0 ( ) as (t,7) € U* — (0,0). (3.2.2)

(iii) For each j,k > m + 1, one has

h v =¢%0,0), 323
(t,t)el}gl)(0,0)ng( 0 =g; (0,0 ( )

where g;}‘l/zp (0, 0) denotes the (j, k)" component of the Weil-Petersson metric on the

boundary Teichmiiller space &y, ...y, Te.n at Xo.
(iv) Foreach 1 < j <m and k > m + 1, one has

efe ol =0 ( as (t,7) € U* — (0,0). (3.2.4)

1
Iljl(—IOgllj|)3)
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Proof. The proof in the general case when n > 0 follows mutatis mutandis from the
arguments for the case when n = 0 in [M, §7, proof of Theorem 1] with [M, Prop. 7.1]
replaced by Proposition 3.1.2. For 1 <i <nand(¢,7) € U,let W; ;  beasin (2.1). We
remark that the only extra integral estimates needed are those on the W; ; ’s as follows:

/ Prde :[oatknm) ifl<kt<m, (32.5)
Wi,t,r

Pt,t O(|tx]) ifl<k<mandm+1<¢<3g—3+n,

as (t,7) —> (0,0),and form +1 <k,¢ <3g —3+n,

lim / Pde _ / Prdbe. (3.2.6)
.0)=>0.0 Jw;, . Pt Wioo 0,0

The estimates in (3.2.5) and the limit in (3.2.6) follow readily from a straightforward
calculation using Proposition 2.1.3(i), Proposition 3.1.2 and the dominated convergence
theorem. O

4. Estimates on the Eisenstein Series

In this section, we are going to obtain some estimates on the Eisenstein series E(z, ) in
the setting of holomorphic families of degenerating punctured Riemann surfaces, which
will be needed for ensuing discussion in §5. We should clarify that by an Einsenstein
series, we will mean here the real-analytic (non-holomorphic) series asin (1.1.1) or [Ku]
rather than more customary holomorphic ones. Our approach is geometrical in nature,
and it consists largely of constructing suitable germs of comparison functions for the
Eisenstein series near the nodes and punctures. Starting from Sect. 4.2, we will restrict
our discussions to E(z, 2), although most of our discussions will also be valid for E (z, s)
with Res > 1.

4.1. First we extend the definition of Eisenstein series to the case of punctured Riemann
surfaces with nodes.

Let X be a stable connected Riemann surface with n punctures py, ..., p, and m
nodes g1, ..., ¢m. Then X° := X \ {q1, ..., gm} is a smooth punctured Riemann sur-
face with n + 2m punctures, and we denote the connected components of X° by S,
a =1,...,d (cf. Sect. 1.2). We denote the new punctures by py+1, ..., Pn+2m- Each
old or new puncture p;, 1 <i < n+2m, of X° is a puncture of a unique Sy ;) for some
I <a(i) <d.

Definition 4.1.1. For 1 <i <n+2m ands € C with Res > 1, the Eisenstein series
Ei(-,s) on X attached to p; is defined by

Ei(z.s) = i.Sa (25 8) l..fz € Saiys @.1.1)
0 ifz € X\ Sagi)s

where Ei sy

asin (1.1.1).

(-, s) is the corresponding Eisenstein series on S, ;) attached to p; given
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In the case when X has no nodes, it is well known that for 1 < i, j < n and in terms
of the Euclidean coordinate Z = X +iY on H with p; corresponding to oo (as in the
proof of Lemma 2.1.1), there exists some constant ¢ > 0 such that

Ei(Z,5) = 8;Y° +¢ij()Y' ™ +0(e™ ") as¥ — oo, (4.1.2)

where §;; is the Kronecker symbol, (¢;;(s)) is a symmetric n x n matrix (cf. e.g. [Ku]
and [Wolp4, p.260]). In this section, we are going to give a variant version of (4.1.2)
for a Riemann surface X with nodes. For a point z € X°, we denote by injrad(z) the
injectivity radius of X° at z with respect to the complete hyperbolic metric on X°.

Proposition 4.1.2. Notation as above. Fix an integer 1 <i < n+2m, and lets € C be
a fixed number with Re s > 1.

(i) Let z; be a standard local holomorphic coordinate function around p (cf. Remark-
Definition 2.1.2 (i) and (ii)). Then for any € > 0, there exists a constant Cs > 0
(depending only on s, € and indpendent of X) such that

log |z;|
21

s
|Ei(z,~, s) — (— ) | < Csc on A*(e_zme) ={z; €C | 0<|zi] < 8_2”66}.
(4.1.3)
(ii) For any k > 0, there exists a constant CA;’ « > 0 (depending only on s and «) such

that
|Ei(z,8)| < C;’K for any z € X° with injrad(z) > «. 4.1.4)

(iii) For 1 <i # j < n+2m, one has
Ei(z,s) > 0 asz— p;. (4.1.5)

Proof. We remark that to prove (i), (ii) and (iii), it follows readily from (4.1.1) that we
may assume without loss of generality that X° is connected with p; (and possibly p;)
as one of its punctures. To prove (i), we recall from (1.1) that we may write X° = H/ T,
where I' is a Fuchsian group which uniformizes X with oo corresponding to p;, and the
infinite cyclic subgroup I'oc C IT" generated by Z — Z + 1, Z € Hi, corresponds to the
parabolic transformations of I" fixing p;. Let Coo := {Z € C | Im Z > 1} be a horoball
around oo in H. As mentioned in Remark-Definition 2.1.2(ii), it follows from the collar
lemma for non-compact surfaces ([Bu, Theorem 4.4.6, p.112]) that C, descends under
the projection map

7 = 22 (4.1.6)
to the punctured coordinate neighborhood A*(e™27) := {z; € C | 0 < |zi| < e 27}
around p;. Let € > 0 be a given constant. We recall from [Ku, Sect. 1.3] (cf. also [O

p.-146]) the following integral representation for the Eisenstein series: For Z € H, one
has

Ac(S)E(Z,5)

/ / Y*2dx'dy’, where (4.1.7)
yelo\l” 7 B0 2:)

Acs) : =//B(' ) Y 2ax'dy’. (4.1.8)
i€
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Here Z' = X’ +iY’ denotes the Euclidean coordinate function on H, and B(Z’, €)
denotes the hyperbolic geodesic ball in H of radius € and with center at Z’. From (4.1.7),
Y€l \I'

we have
/ / Y 2ax'dy’
B(yZ.e)
y#id

= Ac(s)(Im Z)° + Z / / Y 2ax'dy’, (4.1.9)
yeloo\r 7 7 Br2.€)
y#id

Ac()Ei(Z, s) = / / Y 2ax'dy’ +
B(Z.¢)

where the second line is obtained by making the change of variable Z”” = (Im Z)~! -
(Z' —Re Z) in the first integral of the first line and then invoking the definition of A (s)
in (4.1.8). (Note that the above change of variable corresponds to a hyperbolic isometry
on H.) Next we find an absolute bound for the last term of (4.1.9) by adapting the proof
of Theorem 2.1.2 in [Ku, p.12]. Let CS, := {Z € C | Im Z > ¢}, which is easily
seen to descend under the map in (4.1.6) to the punctured coordinate neighborhood
A*(e™27¢) (C A*(e™ ™)) in (4.1.3). Tt is easy to see that forany Z € CS_and y € T,
one has

B(Z,e) CCx, and B(yZ,e) =y(B(Z,€)) C y(Cxo) =Cy(o0)> (4.1.10)

where C, (o0) denotes the corresponding horoball around the cusp y(oo), which is
isometric to C(s via y. By the collar lemma mentioned above, all the horoballs Cy(oo),
y € I'o \ T', are mutually disjoint. It follows that all the hyperbolic geodesic balls
B(yZ,e€),id # y € I'so\I', are mutually disjoint, and thus they may be considered to
be disjoint subsets of

(ZeH| —1<ReZ <2, 0<ImZ < ¢}, @.1.11)

after we choose suitable representatives in the coset decomposition of I'so\I". Together
with (4.1.9), it follows that for any Z € CS_, one has

[Ac@)| [E(Z.5) — (Im 2)*| < / /_lfx,52 Y 2| dx'dy’

0<Y’<ef
= ;ed““*”. (4.1.12)
Res — 1

Observe from (4.1.8) that [Ac(s)| = ffB(i o Y'Re=24X'dy’ > 0 and it depends
only on s and €. By descending the inequality in (4.1.12) on CS to the corresponding

inequality on A*(e_z’”e) via the map in (4.1.6), one easily sees that (4.1.3) holds with
the constant given by

Cse = 3 g€ Res=1) (4.1.13)
’ |Ae(s)|(Res — 1)

and this finishes the proof of (i). Next we proceed to give the proof of (ii), which is

similar to that of (i). Let p: HH — X° denote the covering space projection. Let z € X°

be a point with injrad(z) > «, and fix a point Z € H such that p(Z) = z. With'ec C T

and other notations as in (i) above, it is easy to see that injrad(p(Z)) > 5 for any

7' € B(yZ,%) and any y € T'oo\I'. For any Z" € H, it is easy to calculate that the
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hyperbolic length of the horizontal line segment from Z’ to Z’+1 is ﬁ, which implies
readily that injrad(p(Z')) < ﬁ (since p(Z') = p(Z' +1)). Hence we have

RS

ImZ < forall Z' € B(yZ, g), y € I'so\TI'. (4.1.14)

The condition injrad(z) > « also implies readily that the geodesic balls B(y Z, 3),
y € I'o\I', are mutually disjoint, and thus similar to (4.1.11), they may be regarded as
disjoint subsets of

2
(ZeH| —1<ReZ<2, 0<ImZ < =}. 4.1.15)
K

Together with (4.1.7) and (4.1.8) (and with e = %), it follows as in (4.1.12) that one has

A )| |Ei(Z,9)| < //—15;«52 Y 2ax'dy’

0<y'<2
3 2 Res—1
= — |- . 4.1.16
(Res —1) (K) ( )

By descending the above inequality to X, one easily sees that (4.1.4) holds with the

constant given by

3 2 Res—1

Cou = : (—) , (4.1.17)
5 |A%(s)|(Res—1) K

and this finishes the proof of (ii). Finally one easily sees that (4.1.5) is a direct conse-
quence of (4.1.2), and this finishes the proof of Proposition 4.1.1. O

4.2.  Upper bound of E;; - near a node. Notation as in §1. Let X € /Vg,n\./\/lg,n be

a Riemann surface with n punctures at py, ..., p, and m nodes at gy, ..., gn, and let
U be an open neighborhood of X in My , together with a local uniformizing chart
x:U — U, where U ~ A"(ryxV ={t,t) =1, ....tw, T1» .., T3g—34n—m):t €

A™(r), 7 € V},and V ~ A38=3n—m jq ap open coordinate neighborhood of Xg in
Syp .y Te.n asin (1.3). Let X' := {X; :}¢ r)ev be the corresponding family of Rie-
mann surfaces parametrized by U with Xo = X(0,0). Let U* =~ (A*(r))" xV C U
be as in Theorem 1. Foreach 1 < i < n and (t,7) € U, we denote the Eisenstein
series with S = 2 on X, ; associated to the puncture corresponding to p; by E;; . (2
la Definition 4.1.1 when some f; = 0). It is well-known that {E;; : }¢ r)ey+ form a
continuous family of functions on {X 1)}, r)ey+. The following proposition follows
from previous work of Obitsu [O2]:

Proposition 4.2.1. ([O2]). For each i = 1, ...,n, E;; r converges uniformly on com-
pact subsets of Xo \ {p1, ... Pn,q1, ..., qm} to Eip0as (t,7) € U* — (0, 0).

Here, it is easy to see that a compact set K C Xo \ {p1,..-, Pn,4q1,--.,qm} can
be extended to a neighborhood of the form K x U in the total space of {X; :}(,)eU,
shrinking U if necessary. Therefore, E; ; ; may be regarded as a function on K for (¢, 7)
sufficiently close to (0, 0).
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For a fixed integer i with | < i < n, we are going to give a pointwise upper bound of
Ej;rnearanodeq; withl < j <m.LetN; = A’"“(r) xV cc A" yx VvV = N}
(WithO <r <r" < 1), Nj; 1, N] o N]ll o / for Zjs W be as in Sect. 2.2. Motivated
by (2.2.5) and (2.2.6), we consider a family of comparison functions for the E;; ’s as
follows: For each (¢, 7) € U with¢; # 0, we let

T
Ef (zj) = — T N 4.2.1)
log |t;] - s1n( g 7] )

For each (¢, t) € U with ¢; = 0, recall that N} , o consists of two discs {z; € C||z;| <
r'}and {w; € C||w;| < r'}, and we let

1

— on the z;-disc,
Ef ()= ekl 4.2.2)
’ on the w-disc.

log |w;|

As in Sect. 2.2, it is easy to see that the E7 s glue together to form a positive contin-

uous function on N’ \ {nodes}. We write ||(t )| = \/Zj Nk +Z3g NPT
for (t,7) € U.

Proposition 4.2.2. Forfixed1 <i <n,1 < j <mand0 < a < 1, there exist constants
C1, Cz, 8 > O such that for all (t, ©) € U with t; # 0 and satisfying ||(t, T)|| < J, one
has

Eirr < Cl(E[)* onNj; ., sothat (4.2.3)
Eii.(z)) < & N! (4.2.4)
it,t\Zj) = (— loglzjl)"‘ AR A e

and a similar inequality (with z; replaced by w ;) holds on N]Z’m

Proof. First we consider the special case when at (t,7) = (0,0), z;, w; are stan-
dard local holomorphic coordinates for X (cf. Remark-Definition 2.1.2). Consider the
operator
32
Aj:=4——— on N, . (4.2.5)
0z;0z;

92

(Note that in terms of real coordinates, one has A; = - o + where z; = x; +iy;.)

a 2’
By direct calculation, one can check that for (7, t) € U w1th tj 75 0,

7 log |z
A]E;k’r(zj) = (1 +COS2 (W E;k’.[(Zj)p;itYT(Zj)
J

)prr(zj) onNj;. (byProposition2.2.1), (4.2.6)

*
— T
C3,t,r ’
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where p*¥ . _, C3,.; and p; ¢ (z;) are as in (2.2.5), (2.2.10) and (2.2.7) respectively. For
J.t,T sbs s J

(t, ) € U with t; # 0, it follows from the chain rule that

AG(E; )Y =da(a — 1)(E;r)°"2|32j Ef P +a(Ef )" 'AE],

2o * a
(E; 1 (zj))" pr,r(zj) onNj, ¢
C3,t,r

(by (4.2.6) and since 0 < o < 1). 4.2.7)

=

On the other hand, for (¢, T) € U witht; # 0, it follows from (1.1.2) and Definition 4.1.1
that

AjEic(zj) =2Ei::(zj)pr,c(zj) onNj;z, (4.2.8)

and a similar expression holds for the w j-coordinate. For each (¢, 7) € U, the boundary
ONj - of Nj, . consists of two circles |z | = r and |w;| = r, and it is easy to see that
U(t,1)eu dNj 1, forms a compact subset of N ; It follows readily from Proposition 2.2.1
that for any (¢, ) C U and any point z on 0N ; ., the injectivity radius of (X; ¢, por,¢)
at z is uniformly bounded below by some constant k > 0 independent of (¢, t). Thus,
by Proposition 4.1.2(ii), there exists a constant C > 0 such that

Ei;:(z) <C forall(t,7) e Uandz € ONj, ;. 4.2.9)

It is also easy to see from (4.2.1) and (4.2.2) that there exists a constant C* > 0 such
that

Ef . (z) = C* forall(t,r) e Uandz € dN;; ;. (4.2.10)

Let C; = (C%a > (. Then it follows from (4.2.9) and (4.2.10) that for all (t, t) € U,
one has

Ei1:(zj)) = C1(Ef (z))* <0 ondNj; .. 4.2.11)

Since o < 1, it follows from Proposition 2.2.1 that there exists a constant § > 0 such
that

C3, ¢ >a forall (r, ) € U satisfying t; # O and (¢, T)|| <. 4.2.12)

Combining (4.2.7), (4.2.8) and (4.2.12), one easily sees that for all (7, t) € U satisfying
tj #0and ||(z, T)|| <, one has

Aj(Eig () = CLE] L @))% = 2B (2)) — CL(E]  (2))*)pr(2j) on Ny

(4.2.13)
By using the maximum principle, one easily obtains (4.2.3) as a consequence of (4.2.11)
and (4.2.13). Then (4.2.4) follows readily from (4.2.3), (2.2.4) and the boundedness of
the function x/ sinx for 0 < x < Z, and this finishes the proof of the proposition in the
special case when at (¢, ) = (0, 0), z;, w; are standard local holomorphic coordinates
for X¢. Finally we remark that the general case of the proposition follows readily from
the above special case by performing a change of variable and adjusting the values of
C1 and C; in (4.2.3) and (4.2.4) if necessary. O
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4.3. Integral lower bound of E; ; - near an adjacent node. Settings, notations and def-
initions are as in Sect. 4.2. We are going to derive a desired integral lower bound for
E;;  on the region N, ; associated to any node ¢; adjacent to p; (cf. Remark 4.3.2).

Proposition 4.3.1. Let 1 <i <n, 1 < j < m be such that the node q; of X is adjacent

to the puncture p;, and let ¢p; = ¢;(z, 1, 1)dz?* be as in Proposition 3.1.2. Then for any
fixed B > 1, there exist constants C = C(B), § = 8(B) > Osuch that forall (t,t) € U*
satisfying ||(¢, T)|| < 8, one has

bib; _
/ Eir L > Clt;]*(—log |t;])*F. 4.3.1)
N.

it LT

Proof. Asin Proposition 4.2.2, we will assume without loss of generality that at (t, 7) =
(0,0), zj, w; are standard local holomorphic coordinates for X¢. Consider the biholo-
morphism from N; onto itself given by

Oty ey L1 Zjs Wy Ejals e Iy T) = (F1, oo B0, W)y Zjs By oo s By T)

in terms of the coordinates in (2.2.1). For each fixed (¢, t) € U with ¢; # 0 (and upon

suppressing the coordinates t1, ..., fj 1, tj+1, - .., ty, T), itis easy to see that o restricts
to a biholomorphism o7 ; . N},t,r — sz’m given by
oz, wj) = (wj,z;) withzjw; =1; (4.3.2)

(cf. (2.2.3) and (2.2.4)). With p}‘.‘,t,r as given in (2.2.7) (see also (2.2.5)), it is easy to see

that o, ; induces the following isometry between N ]lt . and NJZJ’ .

G;t,rpj,t,t = p;it,t' (433)
Let C; > 0 be as in (3.1.5). Then it follows from Proposition 3.1.2 and (4.3.2) that for

all (¢, T) € U, one has

11
1936 D1 10j(050.0@, 601 2 Crly oV, o (434
J

Using the limit 1irr%)x cscx = 1, itis easy to see from (2.2.5) that for all (¢, ) € U with
X—>
tj # 0, one has

C
’f )< —J NP 435
Piac@i) = i megime O Nias *3-3)

where Cy; is a positive continuous function in the variable #; such that

C,j — 1 ast; — 0. (4.3.6)
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Let C4, . be as in (2.2.11). By Proposition 2.2.1, we have

¢;b;

/ Ei,t,r I 7
Nj,t,T Pt,t
1 D;d; D;P;
> / Ei,t,r% +/ Ei,t,r%
C4’Z'T le’.t,r ’OJ'J,T sz,l.r ’Oj»t’f

—_— * pur> i
_ 1 g 80 e o T i ?
= C . L1777 4 JARA 1,1, T O'* *
4,1,7 Ni . pj,t,r j,t,tpj,t,t

B 1/ Ei(z)|$;(z;, 1, 7)?
Care N, 07 1.(2))

Ei(0):@)pj(0j(z)). t, D

)dz jdZ; (by (4.3.3))

P 1(2))
Ct It 2
> — (Eite(z)) + Ei0(0.1.2(2))) - =7 +|zj*(og |zj)* dz;dz;
C4t TCIJ ,” 41
(by (4.3.2), (4.3.4) and (4.3.5)). (4.3.7)
In polar coordinates, we write z; = rjeief tj = |tj|e'¢f and write E;; .(z;) =

Ei;(rj,0)), so that E;; :(0},:(z;)) = Ej,, r(lt’ Y¥j — 0;). Then (4.3.7) can be
re-written in the following form:

b C2t.2 r lo 2
/ Ei,t,r¢]¢] e il (ogr))” drj, where
ler

ft T j)
Pr,t C4trCtJ |t]\7 rj

21 |t|
Jr.o(rj) 1=/ (Ei,t,r(rj» 0;) + Ei,t,r(rLa Vi — 9j)) do
o .

J
2
= / (Ei,t,r(’".h 0;) + (Oj’it’tE,',t,f)(rj, 9/)) d@j. (4.3.8)
0

It is easy to see that the f; ;’s (with (¢, ) € U*) form a continuous family of func-
tions and each f; ; is a smooth function in the variable r;. Moreover, one also has

ft,r(rj) = ft,T ‘t l

) for all ‘t’ < r; <r, which implies readily that

1
f7-(tj12) = 0. (4.3.9)
Consider the differential operator
~ 19 d ~ 19
Aji=—— (rj—>, sothat Aj = Aj+ ——, (4.3.10)
rjorj or; ry 89j

where Aj; is as in (4.2.5). Also, we denote the hyperbolic Laplacian on N;; . with

respect to p* b by A% oSO that in terms of the z j-coordinate, one has

A o= (0% @) A @.3.11)
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and a similar expression holds for the w j-coordinate. The isometric property of o ; ; in
(4.3.3) implies readily that

Ajf,t’r(ojf,’rEi,,,f) = U;,t,r(Aj,t,rEiJsT)‘ 4.3.12)
From the analogues of (4.2.8) and (4.3.11) for the w j-coordinate, one has

or,c(wj)

m on N?
pjyt’-[(wj)

A% Eirc(w)) =2E;(w)) - i (4.3.13)

Upon pulling back by o ; r and using Proposition 2.2.1, one obtains from (4.3.12) and
(4.3.13) that on N

,1L,T?

A0 Ein) (@) <207, Eir:(z) - Cape
= A0}, Eir0)(zj) <207, Eir:(z) Care-pj,.(zj) (by (4.3.11))
i

<20}, Eir:(z)) Capr st
Hhr |zj1*(logz;)?

(by (4.3.5))

(4.3.14)
Similarly, it follows from Proposition 2.2.1, (4.2.8) and (4.3.5) that one has

c, 1

[ Poglznz. O Nive (4.3.15)

It follows readily from (4.3.8) and (4.3.10) that

AjE;;(zj) <2Ei;:(2j) - Car7-

21

Ajfr(rj) =/0 Aj (Ei,t,t +Gj*,r,rEi,t,r) (rj,0)do;
21

=/0 Aj (Ei,t,t +Gﬁ,,TEi,t,f) (rj, 0;)do;

1 2w 82 |[]|
__2/0 5 Ei,t‘r(rj,ej)+Ei’,,r(—',l/fj—9]) d@l (4316)

r; ae} rj
Observe that
2 82 |tj|
S\ Eirc(rj, 0)) + Ei s (=, ¥j —6)) ) d6; =0, 4.3.17)
0 00+ }"j

J

. . ti
since the expression E; ;. (rj,0;) + Ei,,,r(‘ /!

T ¥ — 6;) is periodic in 6; with period
2m. By (4.3.14) and (4.3.15), we also have

2
/ Aj( (Ei,t,r + U}’i,,,Ei,t,r) (rj,0;)do;
0

</ T Ere 0% Erne) . 07) - i€l

ot E )0 60)- |
= Jo i1t AR AN PANN ARG rjg(logrj)z J
2C4,.C,

= rjg(loTj)z - f@r)). (4.3.18)
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Combining (4.3.16), (4.3.17) and (4.3.18), it follows that we have

2C4,l,‘(ctj

At (r) <
i) = r3(ogr)?

f ). (4.3.19)

For any fixed number 8 > 1, a direct calculation gives

d 1 B

drj (<—logrj>ﬂ) = Clogrpp >0 for0<rj<liand (4320

A ! +1

A ( logr; ﬂ) 2 o )ﬂ+2' 4.3.21)
(_ Ogr]) rj (— logrj)

Since the node g; of X is adjacent to the puncture p;, it follows that E; ¢ o is positive
(and thus bounded below by some constant C> > 0) on at least one of the boundary
circles of N; o,0, namely |z;| = r or [w;| = r. (We remark that E; o o may be identically
zero on the other boundary circle of N; o o.) Together with Proposition 4.2.1, it follows
that there exists a constant §; > O such that E; ; ; > % on the corresponding boundary
circle of N;, . for all (1,7) € U* satisfying ||(¢, 7)|| < &;. Together with (4.3.8), it
follows that

C
ft.c(@r) = 2m - 72 =nC, forall (¢, 7) € U* satisfying ||z, 7)|| < 8;. (4.3.22)

Let C3 :=7Cy - (—log r)# > 0. For each (¢, 7) € U*, consider the function

C3 1
Fi o (rj) = m — fre(rj), 12 <rj <r. (4.3.23)
Then it follows from (4.3.22) that
Fi:(r) <0 forall (¢, 7) € U™ satisfying ||(z, T)|| < ;. (4.3.24)

Moreover, it follows from (4.3.9) and (4.3.20) that for all (¢, ) € U™, one has
F . (It;1%) > 0. (43.25)

Since f > 1, we have B(8 + 1) > 2. Together with (2.2.11) and (4.3.6), it follows that
there exists a constant 6 > 0 such that

2C4,,,TC,]. < B(B+1) forall (r, t) € U* satisfying ||(¢, T)|| < 82. (4.3.26)
Together with (4.3.19), (4.3.21) and (4.3.23), it follows that
BB +1)

AGF L (r;) >
iFelr) = r%(—logrj)2

F, - (rj) forall (t,7) € U* satisfying ||(, T)|| < 8.

(4.3.27)
Regarding F; . also as a function in the new variable s; = logr;, one easily sees from
(4.3.10) that the inequality in (4.3.27) can be re-written as

d> B+1)
szl,Tzﬂﬂz
sj sj

Fiz. (4.3.28)
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By using the maximum principle, one easily sees from (4.3.24), (4.3.25) and (4.3.28)
that for all (¢, t) € U* satisfying ||(z, 7)|| < min{8;, &3}, one has

. C3 1
Fy < (rj) <0, orequivalently, f; :(r;) > W forall |2 <rj <r.

(4.3.29)
We remark that to prove (4.3.1), it is clear that we may assume without loss of generality
that 8 < 3. From (4.3.8) and (4.3.29), one has

oid; _ CHiI> [ Cs3 (logrj)?
Ei,l‘,‘[ Z 1 ° dr]
Njiz Pt,t C4,l,rCtj It12 (—log ”j)ﬂ rj

1.3 —
crcip (el — logr)
_ : . (43.30)
CariCy, 3-B

It follows from (2.2.11) and (4.3.6) that there exists §3 > O such that C4;, < 2
and C,j < 2 for all (t,7) € U™ satisfying ||(¢t, 7)|| < &3. Clearly there also exists

84 > 0 such that (—logr)*# < %(—1og|tj|%)3—ﬁ if 0 < |tj| < 84. Now let 8 =
min{dy, 82, 83, 84} > 0. Then it follows readily from (4.3.30) that (4.3.1) holds for all
C3C?

(t, v) € U* satistying ||(¢, 7)|| < & (and with the constant C = STF.G-p)

>0). O
Remark 4.3.2. The proof of Proposition 4.3.1 does not work for the case when the node
g is not adjacent to the puncture p;, since E; o is identically zero near such g; (cf.
(4.1.1)). One expects that (4.3.1) will not hold for such ¢;. For a similar reason, one
expects that a pointwise lower bound in the spirit of Proposition 4.2.2 will not hold on
the entire N;, ; even in the case when g; is adjacent to p; (unless both branches of
Nj 0,0 are “adjacent to” p;).

4.4.  Upper and lower bounds of E; ; r near p;. For a fixed integer i with 1 <i <n,
we are going to give a pointwise upper bound of E; ; . near the puncture p;. Let W; =
A*(R)x U, W/ = A*(R)x U’ (withO < R < R' < 1), W;; o, W.”I’T, zi beasin (2.1).

1

Proposition 4.4.1. There exist constants §, ¢, ca > 0 such that for all (t,t) € U
satisfying ||(t, T)|| < 6, one has

log |z; 2 log |z; 2
el tog 2] < Eiv e < (PEF) 2 tog izl on Wi, @41)
2 27

shrinking R if necessary. In particular, there exist constants c3, ¢4 > 0 such that for all
(t, t) € U satisfying ||(t, T)|| < 6, one has

3 (log|zi))? < Eiy(zi) < cq (log|zi))* on Wiz (4.4.2)

Proof. For any (¢,t) € U, we let z;; ; be a standard local holomorphic coordinate
function around the puncture p; on X; ; (cf. Remark-Definition 2.1.2). As mentioned in
Remark-Definition 2.1.2(ii), A} (¢™™) = {zis,r € C|0 < |zisc| < e ™} is a bona-
fide local coordinate neighborhood around p; in X, ;. It follows readily from the collar
lemma for non-compact surfaces ([Bu, Theorem 4.4.6, p.112]) and Proposition 2.1.3(ii)
that there exists § > 0 such that for all (¢, 7) € U satisfying ||(¢, T)|| < &, one has
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W/, . C Af (e7), upon shrinking R’ (and possibly also R) if necessary; in particular,
Zitt (m addmon to z;) provides a holomorphic coordinate function on W’ ; vanishing
only at p;. In terms of the Euclidean coordinate Z = X +iY on the upper half plane
H, it is easy to calculate that the hyperbolic distance from a point Z to Z + 1 is given
by 2 coth™!(+/4Y2 + 1) (with the hyperbolic geodesic joining Z to Z + 1 given by the
Euclidean circular arc joining the two points and with center at X + %). Shrinking R again
if necessary, it follows thatforall (¢, t) € U satisfying || (¢, T)|| < §, the injectivity radius

of Wl/ ;. atany pointa € W;,  with respect to the restriction of the hyperbolic metric

P,z on X; ¢ is given by f(|z;s,z (a)]), where f(¢) := 2 coth™! (,/ 1+ (% logt)z). Next

we recall from Proposition 2.1.3(i) the comparison of p;  with the two model hyperbolic
metrics on Wl.” ;¢ With respect to the z;-coordinate (the comparison was stated for W ; ;
there, but clearly it holds for Wl-/’t’ . here). Upon shrinking R further if necessary, one
easily sees that it leads readily to a corresponding comparison of the injectivity radii of

Wl’ ;. at the point a with respect to these metrics given by

VCIf(R) < fzisc@]) < V/Cof (R), (4.4.3)

where C1, C, > 0 are as in Proposition 2.1.3(i). It is easy to see that f: (0, 1) — (0, c0)
is a continuous strictly increasing and bijective function. Since z; and z; ; ; are both coor-
dinate functions on Wl.’y[,r vanishing at p;, it follows that the function h; ; = z; ¢/zi
extends across p; as a non-vanishing holomorphic function. By applying the maximum
and minimum modulus principles to the (extended) function /4, ; on the disc |z;| < R
and varying (¢, 1), it follows from (4.4.3) that for all (¢, t) € U satisfying || (¢, 7)|| < 6,
one has

C31zil < |zire|l < Cqlzil  on Wi, where (4.4.4)

YW f(R)) TG f(R)
R

Cr =
3 R

>0 and Cy4= >0. (44.5)

Fix a number € > 0. Then shrinking R and § if necessary, we may assume that W; ; ; C

*’r(e_zne ) for all (¢, 7) € U satistying || (¢, 7)|| < 8. Thus by Proposition 4.1.2(i)
(with s = 2), there exists a constant C > 0 such that for all (z, T) € U satisfying
(¢, T)|| < 8, one has

2
log |zi,z,z|

- C2,e =< Ei,t,t(zi,l‘,f) - ( o ) < C2,e on Wi,t,r‘ (4.4.6)

By replacing C3 by min{C3, 1}, etc., we may assume that (4.4.4) holds with C3 < 1 and
C4 > 1. Note also that |z;|, |zi | < 1on W;; ;. Thus (4.4.4) leads to the inequality

(log |zi| +log C4)? < (log |zis.c)* < (log|z:| +1og C3)* on Wi, ., 4.4.7)

which, together with (4.4.6), lead readily to (4.4.1). We just remark that the constant
terms in (4.4.6) and (4.4.7) can be absorbed by the terms linear in log |z;| in (4.4.1) by
adjusting ¢ and c suitably, if necessary. Finally one easily sees that (4.4.2) is a direct
consequence of (4.4.1). O
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4.5. Upper bound of E; ; : near a puncture p; with j # i. For fixed integers i, j with
1 <i # j < n,we are going to give a pointwise upper bound of E; ; ; near the puncture
pj-Let W; = A*(R) x U (withO < R < 1), Wj; ¢, z; beasin (2.1).

Proposition 4.5.1. For fixed integers 1 < i # j < n and real number o satisfying
0 < a < 1, there exist constants C, 6 > 0 such that for all (t,t) € U satisfying
[|[(z, T)|| < &, one has
E; < — Wiz 4.5.1
z,t,r(Zj) = Clog |Zj|)a onWwijtz ( )
Proof. The proof is similar to that of Proposition 4.2.2, and as in there, we will assume
without loss of generality that at (¢, 7) = (0, 0), z; is a standard local holomorphic
coordinate for Xy. For each (¢, 7) € U, the boundary dW; ; . of W}, . consists of the
circle |zj| = R. Asin (4.2.9), it follows from Proposition 2.1.3 and Proposition 4.1.2(ii)
that there exists a constant C; > 0 such that for all (¢, 7) € U, one has

Ei;:(zj) <Cy ondW;; . 4.5.2)
Thus for all (¢, t) € U, one has

C
E; )y————— <0 OWi; ., where C :=Cj-(—logR)* > 0.
i1,7(2) Clogl, )" = ondWj, ., where 1-(—log R)* >
(4.5.3)
Since 0 < o < 1, it follows from Proposition 4.1.2(iii) that for all (¢, t) € U, one has
Ei;:(zj)y——— —> 0 asz; —> 0. 454
in,(z)) log 2, " j (4.5.4)

LetA; =4 02 be as in (4.2.5). Then a direct calculation gives

0z;0z;
A, ( ! ) al@+l) 455)

(—loglzjD¥ /)~ Izj[>(—loglz;)*+?’
Let p; ¢ (z;) be as in (2.1.4). For all (¢, ) € U, it follows from (1.1.2) that one has
AjEir:(zj) =2E;+c(2)pt,0(25)
. 2C1,t,tEi,l,t(Zj)
|zj12(log |z1)?

where Cj;  is as in (2.1.13). Since o (o + 1) < 2, it follows from Proposition 2.1.3(ii)
that there exists a constant § > 0 such that

on W;,; . (by Proposition 2.1.3), (4.5.6)

ala+1) Lo
Citr> — for all (¢, ) € U satisfying || (¢, 7)|| < 6. “4.5.7)

Together with (4.5.5) and (4.5.6), it follows that for all (¢, ) € U satisfying || (¢, 7)| < &,
one has

Aj\ Ei ) g
‘/( 1,t,‘L’(ZJ) m)

ala+1) (E @) C
. e ey - —C
lz;[2(ogz;D*> \ """ (= loglz, ¥

By using the maximum principle, one easily obtains (4.5.1) as a consequence of (4.5.3),
(4.5.4)and (4.5.8). O

) on Wj; . (4.5.8)
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5. Asymptotic Behavior of the Takhtajan-Zograf Metric

5.1. LetXg € ﬂg,n\/\/lg,n be a stable Riemann surface with n punctures py, ..., p,
and m nodes q1,...,qm,and let : U ~ A" x V — U with V ~ A38=3n-m anq
coordinates (s1, ..., $3g—34+1) = (t1, .-, tm> T1s - -+, T3g—34n—m) = (f, T) be as in The-

orem 1. For (¢, 7) € U* = (A*)™ x V, the components of the Takhtajan-Zograf metric
given as in (1.4.1) form a matrix G2 := (gT-Z) . For the Weil-Petersson
1<j,k<3g—3+n

Jjk
metric, we similarly denote the matrix GWP := (gV_YP) , where the gWP’
Jk 1§j,k§3g—3+n
are as in Proposition 3.2.1. Let ¢, k = 1, ..., 3g — 3 + n, be the regular 2- dlfferentlals

given by Proposition 3.1.2. For 1 < j, k < 3g — 3 + n, we define

Wt = Z/ ’”¢f¢" (5.1.1)
Xt t,r

and denote the corresponding matrix by ®T% := (hjléz) We remark that it is easy
to see from Proposition 3.1.2 and Definition 4.1.1 that ®*7 is actually well-defined
on the entirety of U; moreover, for each non-empty subset J C {1, ..., m} and with

B(J) = {(t,7) € U!tj = Oforall j € J} as defined in (3.1), one has, at any point
(t,7) € B(J), hTZ 0 whenever either j € J or k € J (cf. Proposition 3.1.2(ii)). In

particular, at (z, r) (0, 0), we have
h}%(0,0):O ifj<m+1lork <m+1. (5.1.2)
Proposition 5.1.1. On U*, we have

G = G"PoTZGY"F | or equivalently,
3g—3+n
= > SRz 1<)k =3g-3+n. (5.13)
Lr=1

Proof. For (t,t) € U*, let uy = ux(z,t,1)dz/dz, k =1,...,3g — 3 +n, be a basis of
harmonic Beltrami differentials on X; ; dual to {¢ }1<k<3¢—3+» With respect to the pair-
ingin (1.1.3). From the definition of harmonic Beltrami differentials in (1.1) and Proposi-

tion 3.1.2(i), one easily sees that foreach 1 < j <3¢ —3+n,u; = Zzg:_]3+n cjkqb_k/pt,r
for some constants c jx. Now for each j, k, we have

3g—3+n 3g—3+n

gjv%P=/X Wk Pt = Z Cje btk = Z Cjedek = Cjk-

1T =1 Xie =1

It follows that
3g—3+n

Z w ‘m (5.1.4)
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for each j. Now, foreach 1 < j, k <3g — 3 +n, we have

n
= Z/ Eitclhjlkpr x
i=1 7 Xut

3g 34 n E;, rgﬂ ¢Zg ¢r
_ / (by (5.1.4))
l r=1 i=1 Xix Pi
3g—3
— g . (Z/ 1 t, r¢r¢()
- 8k
(Z r=1
3g—3+n

WP TZ WP
= 2. & :
£,r=1

5.2. We obtain the asymptotic behavior of the matrix ®7# as follows:

Proposition 5.2.1. Notation as in Theorem 1 and (5.1). Then the following statements
hold:

(i) Foreach 1 < j < m and any ¢ > 0, there exist constants C1 > 0 (depending on ¢)
such that

(. ©) < Ciltj (= log [1j)**) (5.2.1)
forall (t,t) € U*.

(ii) For each 1 < j < m’ and any & > 0, there exists a constant Cy > 0 (depending on
&) such that

W, ©) = Caltj P (~ log [1j)*™* (5.2.2)

forall (t,t) € U*.
(iii) Foreach 1 < j, k <m with j # k,

i@ D=0 (1l 1nl) as (t.7) € U* — (0,0). (5.2.3)

(iv) Foreach j .k > m + 1,

lim A%, ) = k10, 0). (5.2.4)
t,7)— (0,00 Ik Jjk
(t,1) e U*

(v) Foreach j <mandk > m + 1,

@ D= 0(111) as (t,7) € U* — (0,0). (5.2.5)
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Proof. Firstwe prove (i). Itis easy to see that we only need to verify (5.2.1) for (¢, t) e U*
with small || (¢, 7)]|. Recall from (1.3) and (3.1.3) the covering of X’ by coordinate neigh-
borhoods {N;}1<j<m, {Wil1<i<n and {A¢}1<¢<e,, and the corresponding fibers N; ; ¢,
Wiz, Agrc. Foreachl < j <mandeach1 <i <n, we have

/ Eii:pjp;
Xt Pt,t
1<j'<n /ZV/ /”T 1<’< 1<t<¢t,

< / N / i tPjPj
Njix Ap e Pt,t
J'#i i'#i

=h+h+L+14+1Is. (5.2.6)

> o

Fix an ¢ with 0 < ¢ < 1, and recall the decomposition N;;; = N] e Y let 1
(2.2.4). By Proposition 4.2.2 (with « = 1 — €), the first line of (3.1.5) in Pr0p051-
tion 3.1.2 and Proposition 2.2.1, it follows that there exist constants C, §; > 0 such

that for all (¢, ) € U with ¢; # 0 and satisfying (¢, T)|| < &1, one has

/ Eii:pjb;
N! Pt,t

Jit,T
SCI/ 1 : 1 ) |tj|2 | |2 |Z]| (10g|2]|) dzjdzj
112 <|zj1<r (—loglziD' =% z;l= 1zl
21 _1 1+€ .
= C1lt] / / ogr/) I8 4do; (with z; = rjef®)
2nC
2”+ Lo ((—1og|;j|z)2+6 — (—1ogr)2+€). (5.2.7)

A similar estimate holds on N]Zl .» and thus we get an estimate of the form

Il :/ l,l‘,t¢]¢] =0 (|[l|2(_ logltj|)2+8) as (l, 'L') c U* — (0’ O) (528)
Njic Pt,t

For each 1 < j’ < n with j' # j, one easily performs a computation similar to (5.2.7)
with the first line of (3.1.5) replaced by the second line of (3.1.5) to see that there exist
constants C3, 6 > 0 such that for all (¢, t) € U with ¢; # 0 and satisfying || (¢, T)|| < &2,
one has

Eiic¢i$ z
/1 AALILINS C2|tj|2/ | |22 (log |z7) " **dz jvd7 j
N, ‘

12 .
e Pt,x tjrl <|z]/\<r

< G357 (5.2.9)

for some constant C3 > 0, and a similar estimate holds on sz, ; ;- By summing (5.2.9)
over the j'’s, we get an estimate of the form

Z / ztr¢]¢j 0(|tj| ) as(t,t) e U* — (0,0). (5.2.10)

1<j'<n T

J'#i
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Using Proposition 4.4.1, the firstline of (3.1.9) in Proposition 3.1.2 and Proposition 2.1.3,
one easily checks that for each 1 <i < n and each 1 < j < m, there exist constants
Cy, 63 > 0 such that for all (¢, t) € U satisfying ||(¢, 7)|| < 33, one has

/ Ei,t,r¢,/¢_j
L= =
Wite Pt,t
|t 1>

<[ Gogk? Ll Plog i daids,
0<|zi|<R |Zi|

< Cslt;)? (5.2.11)

for some constant C5 > 0. A calculation similar to (5.2.11) (using Proposition 4.5.1 in
place of Proposition 4.4.1) easily shows that

Iy= > / Eis T‘M’J = 0(|t;|») as(t,7) € U* — (0,0). (5.2.12)
]<l <n tT
i'#i
Foreach 1 < ¢ < ¢{,, it follows readily from the result of Bers [Be] mentioned in (2.1)
that there exist constants Cs5, Cg > 0 such that for all (¢, T) € U, one has

Csdzp ®dzp < p1,r < Cedzg @dZg onAgyz. (5.2.13)

Together with the first line of (3.1.11) in Proposition 3.1.2 and Proposition 4.2.1, it fol-
lows easily that for each 1 < i < n, there exist constants C7, 4 > 0 such that for all
(t, T) € U* satisfying ||(¢, T)|| < 84, one has

Eii:pjd;
Is = Z /AZ LT < g 18512, (5.2.14)

1<t<t, pt,r

By using (5.1.1), (5.2.8), (5.2.10), (5.2.11), (5.2.12) and (5.2.14), one easily sees that
(5.2.1) can be obtained readily by summing (5.2.6) with the index i running from 1
to n, and this finishes the proof of (i). We remark that /; is the dominant term on the
right-hand side of (5.2.6). Next one easily sees that (5.2.2) is a direct consequence of
Proposition 4.3.1 (by setting 8 = 1 + € in (4.3.1)), which gives (ii). The proof of (iii)
is similar to that of (i), and thus it will be skipped. To prove (iv), we first observe from
(2.2.4) that foreach (¢, 7) € U, N} ..z can be identified with the subset Itj|% <lzjl <r
in N }’0’0 via the projection map in the z j-coordinate, and similar description holds for

szt .- Similarly, each W;; ; and A ; ; can be identifed with W; g0 and Ag .0 respec-
tively. Next we recall the pointwise upper bounds for the E; ; ;’s in Proposition 4.2.2,
Proposition 4.4.1 and Proposition 4.5.1, the pointwise upper bounds for the ¢;’s (with
j = m+1)in (3.1.7), the second line of (3.1.9) and that of (3.1.11) in Proposition 3.1.2,
and the pointwise lower bounds for the p; ’s in Proposition 2.1.3, Proposition 2.2.1
and (5.2.13). Recall also the pointwise convergence of the E; ; ;’s given by Proposition
4.2.1, that of the ¢’s given by Proposition 3.1.2 and that of the p; ;s given by Bers’
result [Be] as (¢, 7) € U* — (0, 0). Together with a partition of unity of X’ with respect
to the coverings {N;}, {W;} and {A,}, one can easily apply the dominated convergence
theorem to show that foreach 1 <i <n and j, k > m + 1, one has

Ei 10ibr Ei0.00;Px
/ Eircdi®r / Eioodjdx o (t,7) € U* — (0,0), (5.2.15)
Xt lot,‘[ Xo0.0 100,0
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which together with (5.1.1), leads to (5.2.4) readily, and this finishes the proof of (iv).
Finally the proof of (v) is similar to those of (i) and (iii) (and involves the use of the
pointwise upper bounds for the ¢;’s with j < m needed in (i) and those for the ¢’s
with k > m + 1 needed in (iv) above), and thus it will be skipped. O

5.3. Finally we are ready to give the proof of Theorem 1 as follows:

Proof of Theorem 1. We are going to deduce Theorem 1 from Proposition 3.2.1, Prop-
osition 5.1.1 and Proposition 5.2.1, and it amounts to estimating terms of the form

W HZey" 1<)tk <3g—3+n

(cf. Proposition 5.2.1). To prove Theorem 1(i) or equivalently (1.4.7), we fix an ¢ with
0 <e < l,and fixa j with 1 < j < m. Then it follows from (3.2.1) and (5.2.1) that

— 1 1

WP, TZ WP 2 2+¢

g - ht4gr = (— tj17(=log |z; D7 - —)

Ji it 112 (= log |t ! Itj1*(—log |1;1)3

1
=0 as (t,7) € U* — (0,0). (5.3.1)
(IthZ(—loglth)“‘E)

Similarly, it follows from (3.2.1), (3.2.2), (5.2.1) and (5.2.3) that
WP, TZ WP
8j0 hii's,;

O ————= Itjl1t]
Qm%—mmqm 7

1

. ife=j&1<r#j<m,
ItrIItjl(10g|tr|)3(10g|tjl)3)

1

0( 3 3
|tj] |te] (log |¢;1)° (log te|)
= Jte|?(— log |te]) >+

1
. ifl <e¢= i <m,
|t€||tj|(10g|l4|)3(log|tj|)3) ifl<f=r#j=<m

1
0 el 1]
(muma%nm%mymﬁ !
1
fl<l#j<mé&r=j,

2 (—log |¢])3

1 * 1 . .
0(@@@559 as (1, D) eU" > 0,0 il <& r=m&En#(, ).
(5.3.2)

Similarly one easily checks from (3.2.1), (3.2.2), (3.2.3), (3.2.4), (5.2.4), (5.2.5) that

WP, TZ ;WP
8j¢ i 8,

1
=O(ﬁ) as (t,7) e U* — (0,0) if¢>m+1lorr>m+1.
|zj1=(log |2;])
(5.3.3)
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Combining Proposition 5.1.1, (5.2.1), (5.2.2) and (5.2.3), we have
TZ _ WP TZ WP | z gWPhTZ gV\{P
1<,r<3g—3+n
(€r)#G.J)

1 1
=0 +O0 | ———F—
(|tj|2(_101g |tj|)4_£) (Ifjlz(IOg Itjl)6)

as (t,7) e U* = (0,0), (5.3.4)

X (Itjlz(—log ltj1)*=¢
and this gives Theorem 1(i). A calculation similar to (5.3.1) using (5.2.2) in place of
(5.2.1) implies that for 1 < j <m and 0 < ¢ < 1, there exists a constant C > 0 such
that c

WP, TZ WP -
855 MiT811 Z R logln 433
for all (¢, ) € U*. Then a calculation similar to (5.3.4) using (5.2.3) in place of (5.2.1)
leads readily to (1.4.8), which, in turn, leads to Theorem 1(ii). The proof of Theorem
1(iii) is similar to that of Theorem 1(i), and thus it will be skipped. To prove Theo-
rem 1(iv), we first observe that from (1.2), (5.1.1), Proposition 3.1.2(ii) and using a
calculation similar to Proposition 5.1.1, one has, for each j,k > m + 1,

3g—3+n
gm0 =3 o, 0)RTZ(0, 008" (0, 0). (5.3.6)
L,r=m+1

For each j, k>m+1 and each 1 <{, r <m, it follows from (3.2.4), (5.2.1), (5.2.3) that

gy (. O (1, g (e, T)

1 .
-Ilzlltrl-—) if€#r,

1
0 -
(Itel(—logltel)3 |t:1(— log |1, )

tg]*(—log |te)**€ - ife=r,

lte|(—log |t¢)? |7¢|(— log Ilel)3)
-0 as(t,t) e U" — (0,0). (5.3.7)

Similarly, for each j, k > m + 1, one also easily sees from (3.2.3), (3.2.4), (5.2.4) and
(5.2.5) that

P, R, 0)g (1, 1) > 0 as (,1) € U* — (0,0), if € = m+1 orr = m+1.

(5.3.8)
Thus, one has, for j ,k > m + 1,
3g—3+n
li Tz = li t h 1, T)g P (r
@, r)eUE‘n—>(O O)g/k( 2 (. r)el}£n—>(0 0, Z g "7 7 D8, (0
(by Proposmon 5.1.1, (5.3.7), (5.3.8))
3g—3+n
= > gWP(O 0)RTZ(0, 00257 (0,0) (by (3.2.3), (5.2.4))
L, r=m+1
— gJT_EZ’Wl """ " 0,0) (by (5.3.6)), (5.3.9)

and this finishes the proof of Theorem 1(iv). Finally the proof of Theorem 1(v) is similar
to that of Theorem 1(i) and (iv), and thus it will be skipped. O
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