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Stability

@ X/Fq: irreducible, reduced, regular proj curve
@ g: genus of X
@ F: function field, A: adelic ring
@ M ,: moduli stack of rank n bdles of on X
~ GL(n, F)\GL(n,A)/K
M ,: moduli stack of s.stable bdles of rank n

Mx.n(d) = S veny (o) ##t() independent on degree d

My n(d) =2 vemy (d o) Zurvy> dependent on degree d

Zx(s): complete Artin zeta function of X
fn=n+no+---+ng N :=n +---+n,~,N{ =n-—N,;
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Mumford’s Intersection Stability

Stability
V' /X: vector bundle
V: semi-stable &

deg(V1)
rank( Vy)

deg(V)

: <V
rank( V)’ Wi s

<

Various Spaces

@ Moduli spaces do not work well
@ Fat moduli spaces work well
@ The best is adelic space
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Tamagawa Number, Parabolic Reduction

Facts: Tamagawa Number, Parabolic Reduction
o (Weil) R R -
My n(d) = Cx(1)¢x(2) - - - Cx(n).

@ Harder-Narasimhan, Desale-Ramanan and Zagier

B DD D O G ; PARTY

n k—1 . . )

q k=t mytetne=n [15 (@ e —1) =1 !
ny>0,--- ,ng>0

@ Zagier (motivated by Weng)

V’N’N/ K m;? n; (6/)

f:Mmx,q(d Z > > H NN/ _ H n/(n,v'—ﬁg

k=1 Mtetne=n 5e{0, .., ni—1y i=1 4 ,:1q 7 (9-1)
ny>0,---,n>0 i=1,2,....,k

Here v; € [0,1) N Q satisfying v; = % — Oit1 (mod 1)

n; Nisq
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Stable Lattices

@ A C R™: rank n lattice.
@ A semi-stable if

(Vol/\1>rank(/\) > (Vol /\)mnk(/\”, VA; C A.

@ Mg, »[1]: moduli space of rank n lattices of vol 1
~ SL(n,Z)\SL(n,R)/SO(n)
® Mg »[1]: (compact) subspace of s.stable lattices

@ Vo= Vol(/\/l@7,,[1])

@ V3= Vol( 6,,[1])

@ (p(s): complete Riemann zeta function
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Volume of Fund Domain, Parabolic Reduction

@ (Siegel)

1 ~ :
- Von = G(1)6(2) - Ca(n).
@ (Weng, related to Kim-Weng)
ijn = Z(_1)k_1 Z

k=1 ny+--+ng=n (n/ + n/+1
ny>0,---,m>0

Tln

@ (Kontsevich-Soibelman)

1 . 1 £
Ve — 0 V(
n & Z Z n1(n1+n2)...(n1_|_...+nk)...nk H

k=1 Ni+--+ng=n j=1
ny>0,---,n >0
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Split Reductive Groups

@ F = Q: field of rational, A: ring of adeles
G/ F: split reductive group
B/F: Borel, P/F: standard parabolic subgroup
P = M - N: Levi decomposition w/ M Levi factor
M ~ HL M; simple decomposition w/ M;’s reductive
ME g: moduli space of G-lattices
~ G(F)Zg(a)\G(A)' /K
@ ME 5 (compact) subspace of s.stable G-lattices

@ Vrg = VOI(MF,G)
O VP = Vol( 7_§G)
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Volumes of Fundamental Domains

@ (Langlands)

Vr.G = Cg - | [ Cr(i)™™@.
i>1
Here cg = Vol({ Y aen a0’ 8, €0, 1]})

ni(G) .= #{a>0,(p,aV) =i} — #{a > 0,(p,a") =i—1}
with  A:simpleroots, p=3Y .0

Done by taking residues of Eisenstein series
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Parabolic Reduction, Stability & the Volumes

Theorem? (Weng)
@ Parabolic Reduction 3 cp € Q~0,€p € Q~0

VEG =) ep-Vip,
P

V,S:S’G = Z sgn(P) “Cp - VF p.
P

Here P=M-N, M~ [T; M;
and vep =1Iivem,  VEp =1l VEn

e Cp, but not ep: explicit expressions in terms of root system
involved, related to Kim-Weng.
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Non-Abelian Zeta Function

Definition (Weng)

«, p-invariants

Breald)i= 3 o = M)

Z g’ xXv) _ 1
axa(d) = —
VEMS (d) (1)
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Zeta Facts

Thenwitht=qg 5, T=t",Q=q"

(9—1)—1
Cnls) = ax,n(mn) - (T"’ + Qlg—1-m. T2(Q—1)—m>
m=0
—1 (Q—1)T9
+axa(n(g—1))- T9" + Bx.n(0) - T

Zeta Facts (Weng)

Initial State) Z"Xj (s) = (x(s): complete Artin zeta

Functional Eq) EX7,,(1 —8) = @(‘,,(S)

o (
@ (Rationality) Cx.,(s) is rational in T
o (
@ (Residue) Ress_1Cx.n(S) = Sx.n(0)
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Number Fields versus Function Fields

Parabolic Reduction & Periods

Parabolic Reduction: (i) Number Fields

n

S8 k—1
Vo,n = E (71) E H Q,n;-
k=1 M+t =n , (”/+”1+1 =
ny>0,--- ,ng>0

(if) Function Fields/Fq

g k—1 k

SS (71)

me (0) = o -1 me.n(0)
ny>0,---,n >0

Periods of G: Number Fields (Weng, related to JLR)

N : Galir a%))
MS(A) o Z <H06A(W>\—p, avy H Ai))

wew a>0,wa<0 Go({A av) +1
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Period of G/X

G/ F: split reductive group, B/F: Borel

@ P/F: maximal standard parabolic subgroup

@ A: Simple roots, W: Weyl group , p: Weyl vector
@ ap € A: simple for P
°

{B1,...,Bip} = A\{ap}

Period of G/F:

1 EX(OVO‘V)) )

G
wx(A) = —wr—o o =
V%/ HQEA(1 —-q o= >) a>0,wa<0 CX(<>\’ a\/> + 1)
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Pure Zetas of Curves

Period of (G, P)/F

Definition (Weng)
Period of (G, P)/F:

wy' " (s)

= RS\, 3,p)=0, (v .85 p1=0, - (i1 =0 (WE (V)

1= ReS(\ 6 p)=0, (A0, p)=0, ... A=p,B%; _; p)=0

Z( 1 ' Cx((M,aY)) )
ity \Taea(1 = gi2mpe) o 0 Cx((AaY) +1)

¢ Various symmetries play key roles here.
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Special Uniformity of Zetas

Definition (Weng)
Zeta function E)f/P for (G, P)/F:

&7 () = Norm(wy/"(s))

Zeta Facts (Weng)
@ Functional Equation (Related to Komori)
~G/P ~G/P
&1 -9 =5 (s)
@ Special Uniformity of Zetas

2SLn/Pp_1 1

CXm(S) = Qx (S)




The Riemann Hypothesis
Zeros of Zetas for Elliptic Curves Higher Sato-Tate
Zagier’s Proof

The Riemann Hypothesis

The Riemann Hypothesis

Cx.n(8)=0 = R(s) =

RH Established

@ Rank two zetas: Yoshida
@ Elliptic curve: Zagier (lower ranks: Weng)

Number Fields: Weak RH Established

® Sls345,Sps, Go: Ki, Lagarias-Suzuki, Suzuki
® (SLp,Pp_11) & Z@,n(s): Weng using Ki, Kim-Weng(?)
@ General (G, P): Ki-Komori-Suzuki

assuming Parabolic Reduction
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Sato-Tate

@ p:prime, N =#X(Fp),a=p+1-N

E ._ p+1=-N E
© cosfy, = 55 0<Oy,<m
BE,n(0)
0E L 7(pn71)'£EiZ1(0)+(pn+1)
@ cosb;, = NG

Sato-Tate Conjecture

For non CM elliptic curves E, and 0 < o < 8 <,

- prime, p< X, a < #F < ¥:
jim TP Prime PE X eSO, < B) 1/ sin2 6 do.
X—00 #{p : prime, p < x} T Jo
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Higher Sato-Tate

Higher Sato-Tate (Weng)
For non CM elliptic curves E,and 0 < a < 8 < 7,

n—1

#o: Py on(3-0) 2| 255 (5-050) + 5 (vo+

#) é sin <% — ﬁ)l

#p : prime, p < x7

— 1 [Psin?9ds,  asx — oo
™ JX

Sato-Tate = Higher Sato-Tate

@ (Zagier) As q — o0,

BE.(0) 7H\(n—1)(q—a+1)\—2+3(a—2)/q+.‘. ( 2 >

Be,n—1(0) q"
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The Riemann Hypothesis
Zeros of Zetas for Elliptic Curves Higher Sato-Tate

Zagier’s Proof

Atiyah Bundles

Atiyah Bundles

E/F4: elliptic curve

Inductively define Atiyah Bundle I,/E: I = O
I, = the only non-trivial extension of /,_1 by OF:

0—-0g—Ih—Il,_.1—0
since

Ext'(Ih, Og) =~ H'(E, IY) ~ HY(E, IY)V = H(E, In) ~ Fq
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Automorphisms

Automorphisms

Consider the bundle @ @ / (O <H<h<--<Trs)

o (Atiyah) H(E, oL I S m
@ (Weng)

#Aut( SH I;fm’) — P Zr<i<j<s iMimy

S
< [Tt@™ = 1)(@™ = a)--- (@™ — g ")g™"".
=
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Zeros of Zetas for Elliptic Curves

Counting Miracle |

Counting Miracle for I, (Weng||Zagier)

th(E,a;jS:1 I,j

Eij

The Riemann Hypothesis
Higher Sato-Tate
Zagier’s Proof

) 1

>

s [Om;
S5 im=n+1 #Am( Si1 Iy )

1

- ¥

om

n(n—1)

q 2

(g" —

(@7 =1)-

(@—1)
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Counting Miracle |l

Counting Miracle (Weng || Zagier, Sugawara)

th(E,V) —1

1
QF n+1 (0) - Z w = Z ZAutV = BE,n(O

VeMg ,.4(0) VeMg ,(0)

Counting Miracle on Atiyah Bundles
n
® (Weng) CM & A(x)=B(x)=32, g(n)(g)
@ (Zagier)
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Counting Miracle

Counting Miracle on Atiyah Bundles

Z Z e(m) - -~ (ms) 1M rsms
qN(r,m) ’

0<r<n< <

m1>0 mo>0, ..., ms>0

Z 3 (qm+-ms _ 1)5(m1q)l\'l('r7'ri)(ms)

0<r<n<-<rs
m1>0 mo>0, ..., ms>0

% Xf1 My —+---+rsMs

S
with — N(r,m) =" rmi(my +2mi g + - - + 2ms).
P
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Sugahara’s Result

Sugahara’s Relation

X /Fq: irreducible, reduced, regular projective curve

ax n+1(0)
RX,V) _ 1

q
Z #AutV

VGM; N1 (0)

_ 1

VeM;;n
=q"9 ). Bx (0 )
Motivated by the study of Quives
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Beta Invariants

Basic Relations on Beta Invariants (Zagier)
(i) (Parabolic Reduction)

(_1)k71

Ben(0 E E Pl | | | |CE
=1 Mt ne=n =1 (g - =1 i=1
ny >0, ;>0

(i) (Multiplicative Structure)

7 (1—a")(1 —g"""x)

n=0

HCE(s+n) with  #E(Fq)=q+1—a.

n>1
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Zagier’s Proof of the RH

Proof of the RH (Zagier)
(i) (Recursion)

(ii) (The Estimation)

V@~ 1 _ Benl0) _ @ +1

<

Va@'+1 7 agn(0) — V@ -1
(iii) (The Riemann Hypothesis)

Cn(s)=0 =  R(s)=,
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Local Zetas for Nodal Curves
Global Zetas
Global Zetas Thank You

Local Zetas for nodal curves

Local zeta for nodal curve/Fq

X /Fq: Singular but nodal curve
= Semi-stable bundles make sense =
Zetas for Nodal Curves:

ZX,n(S) = ax,n(0) - = qpfégg‘?:n;n(1s))

Px n(t"): deg < 2g polynomial in T = t" with constant term 1
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Global Zetas
Global Zetas Thank You

Global Zetas

Global Zeta: a definition

X/Q: regular curve

X/Z: a semi-stable model

Xp: semi-stable reduction atp =
New Global Zetas of X/Z:

Cenl(s) = (T(ns)e(n(s — 1)) - T] P! o(p™™)
P

Analytic and Arithmetic Properties

Central Questions

@ How can we meromorphic extend them?
@ What kinds of arithmetic they offer?
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Global Zetas
Global Zetas Thank You

Thank You

Thank You

Jeju, 24, 08, 2012
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