Arithmetic Characteristic Curves

Lin WENG

Abstract

For a split reductive group defined over a number field, we first introduce the nota-
tions of arithmetic torsors and arithmetic Higgs torsors. Then we construct arithmetic
characteristic curves associated to arithmetic Higgs torsors, based on the Chevalley
characteristic morphism and the existence of Chevalley basis for the associated Lie al-
gebra. As to be expected, this work is motivated by the works of Beauville-Narasimhan
on spectral curves and Donagi-Gaistgory on cameral curves in algebraic geometry. In
the forthcoming papers, we will use arithmetic characteristic curves to construct arith-
metic Hitchin fibrations and study the intersection homologies and perverse sheaves
for the associated structures, following Ngo’s approach to the fundamental lemma.

1 Chevelley’s Characteristic Morphism

1.1 Over Number Fields

Let F' be a number field with OF its ring of integers. Denote by X = Spec O
the associated uncompleted arithmetic curve.

Let G be a split reductive group over F. Fix a split maximal subtorus T
and a maximal split quotient torus 77 of G. Denote the Lie algebra of G by
g:= LieG , and set t := LieT be the associated commutative subalgebra of g.

Recall that, with respect to the adjoint action

ad: gxg — g
(g:2) = (ad(g))(z) = [g,2]
g admits a natural decomposition
1:=t DD
where
go :={z € g: (ad(h))(z) = a(h)z}

for o running through a finite subset ® of the space

X*(T) := Hom(T, G,,),

of rational characteristics of 7.

For a fixed minimal split parabolic subgroup B of G containing T, set b :=
Lie B. Then G/B is proper, and there exists a finite subset ®; of ®, the so-
called set of positive roots of (G, B,T), such that

(1) @ =, [|(-2),
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(2) t® Dy, 8o C b, and
(3) @, admits a subset A of simple roots associated to (G, B,T), such that
(i) @4 C X ca Z>oa, where Zsg := {n € Z: n >0}, and
(ii) A forms a basis of the Q-linear space
X*(T)g :=X"(T)®Q.
Let W be the Weyl group of G, defined as the finite quotient group
W= Ng(T)/Za(T)

where Ng(T), resp. Za(T), denotes the normalizer subgroup, resp. the central-
izer subgroup, of T in G. It is well known that W is canonically isomorphic to
the subgroup of the automorphism group of X*(T")g generated by the reflections

ga: X*(T)y — X*(T)g

v U — A
(v,a)

It is a canonical result due to Chevalley that, over the base field F, the space
of G-invariant polynomials on G coincides with the space of the W-invariant
polynomials of T. That is to say,

FlG)® ~ FIT]Y (1)
where the actions of both sides are defined by

GxFlG] — F[G L WxFET — Pl

(9: 20 ai9:) = >;ai(99i97") (0,2 aiti) = >, ai0(t;)
Similarly, in terms of the Lie algebras, we have
Flg]® ~ F[{"

where G acts on g in terms of the adjoint action Ad, namely, Ad(g) is defied as
the differential of the conjugation morphism z + gzg~! of G.

In terms of geometry, the isomorphism (1) naturally induces the scheme
theoretic morphism

Spec F[T]

l

G X TJ)W :=SpecF[T|V
or equivalently, for the associated Lie structures,

gr =~ Spec F[g] tp =~ Spec F[t]

X\ |75 @)
gr//G := Spec F[g]® ~  tp//W := Spec F[{]W

where gr := g ® F' and similarly tp :=t® F.
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Example 1. For G = GL,,/F, we have W ~ &,,, the symmetric group on n
symbols and g = gl,,(F) = End(F"™). Then x coincides with the morphism

x: End(F") — @Z:l Ly,
A —  det(A\, — A)

where Lj denotes the one dimensional vector space generated by the k-th ele-
mentary symmetric polynomials, and I,, denotes the unity matrix of size n. That
is to say, x assigns a matrix A to the associated eigen polynomial. In particular,
by restricting x to tp which consists of diagonal matrices D = diag(as, ..., an),
we conclude that

n

x(D)=t" — Zaitnfl + Z aiajt’> + ...+ (=1)" Hai
i=1

i<j i=1

For this reason, the morphism y for general G is called the Chevelley character-
istic morphism. From above, after restricting x to t, the Chevelley characteristic
morphism is simply equivalent to the assignments of the unordered eigenvalues.

1.2 Over Integral Bases

The diagram in (2) associated to a split reductive group G/F only works over
the pointed base Spec F'. In this section, we construct a natural extension to the
integral base Spec O, whose generic fiber (over the generic point g := Spec F)
coincides with that of (2).

To start with, we recall the so-called Chevelley basis for gr. For simplicity,
we assume that F = Q for the time being.

Definition 1 (See e.g. Ch. VII, §25 of [6]). A Chevelley basis for [g,g] is a
basis for the Q-linear space [g, g, consisting of {xa o€ <I>} L] {ha o€ A}
which satisfy the following properties:

(a) for all @ € D, x4 € gq.

(b) for all @ € @, [x4,Z_q] = hq so that z4,z_, and h, span a three dimen-
sional simple subalgebra of g which is isomorphic to sly(F') via

(01 (00, (L0
Lo 0 0) T 1 0) " 0 1

(c) for v, B € @, if [z, 28] = Ca,3Ta+8, then

(i) ca,p =c-a,-p-

G2k (a+ B,a+B)
(ii) Cap = (€+1)—(575)

by the a-string 8 — fa, - -+ , B + ka through 5.

where the constants ¢, xk are defined

We have the following well-known

Theorem 2 (Chevelley). Owver [g,g], we have
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(1) There always exists a Chevelley basis {xo : a € @} |{ho : @ € A} on
l9,9],

(2) All the structural constants lie in Z. That is to say,

(i) for all o, B € A, [hqa, hg] = 0.
(o, B)
(8,8)

(i1i) for a € @, o, x_o] is a Z-linear combination of hy's (o € A).

(i1) forallao € @, B € A, [hg,za] = (@, B)xo, where (o, ) :=2

(iv) If a, B are independent roots and 8 — Lo, -+ , B+ Ko is the a-string
0 k=0,

through B, then [2q, 5] =
rough B, then [za, z] t(l+1)2ars a+BED

Obviously, once A is fixed, h, are uniquely determined if & € A. In addition,
for a general a € @, if z, is replaced by c,x,, deduced from the conditions in
(c) of Definition 1, {¢4 }aca are bounded by the constrains:

(i) for all @ € @, cpe_q =1,
(ii) for all o, B € @, if a4+ B € D, then chcp = Lcayp.

Conversely, it is clear that if {c,}aco satisfies (these two conditions)i) and
(i) just mentioned, then {z : @ € ®} | |{ha : @ € A} forms a Chevelley basis
of [g, g] as well.

To treat the Lie algebra g associated to the split reductive group G/Q, it
suffices to use the decomposition

g=1[0,0]D3

where 3 denotes the center of g. Obviously, the integral bases for 3 are parametrized
by GLdimg ;(Z). Hence, it is natural to define a Chevelley basis of g to be the
union of a Chevelley basis of [g, g] as above and an integral basis of 3. Denote by
gy, resp. t,, resp. 3, the associated lattice of g, resp. of t, resp. of 3. Obviously,
g, admits a natural Lie structure and does not depend on the chosen integral
Chevalley basis.

Moreover, working with gz, we obtain the following structural diagram over
Z:

97, ~ Spec Zgy] t; ~ SpecZ[t;]
Xz N lﬂz
g,//G(Z) := Spec Z[g,|® ~ t,//W := Spec Z|t,]V.

Obviously, associated to the base change Spec F' — SpecZ, we recover the
diagram in (2).

The same construction works for a general number field F' instead of Q.
That is to say, we may use the base change Spec O — Spec Z to obtain the
following diagram over the integral base Spec Op:

80, =~ SpecOF [gOF] ty,. = Spec Z[t;]
Xor N lﬂop

80, //G(OF) := Spec OF[G@F]G(OF) ~ to,.//W = Spec Op [t(’)F]W'
(3)
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whose general fiber is the similar diagram over Spec F', which can be obtained
from (7) by replacing the integer ring Op with its associated number field F.

To end this discussion, via the Minkowski embedding Op — F — F, =
R™ x C", we obtain the Lie algebra g, := g ® F, and similarly t,, and 3.
Furthermore, induced from the base change Spec Fi,, — Spec O, we obtain the
following diagram on F.:

U0 =~ Spec Fio[go0] t., =~ Spec Fio[to]
Yoo |70 (4)
U0 //G(Fsc) 1= Spec Fao[go J9F=) =t /W = Spec Fuc[t, ]

In particular, similar to the morphisms 75 and 7y, _, To is a finite (W] : 1)-
morphism, even supposed to be highly ramified in general. For later use, we
denote ty  //W, tp//W, and t,//W by ¢y, ¢ and ¢, respectively.

2 (G-Torsors on Spec O

Let F be a number field with O its ring of integers and Ap its adelic ring.
Denote by S the set of inequivalent normalized valuations of F', and by Sgy,
resp. Soo, the subsets of S consisting of non-archimedean, resp. archimedean,
valuations. For each v € S, denote by F;, the v-completion of F'. When v € S,
F, is isomorphic to either R or C; and if v € Sg,, F), is a discrete valuation
fields. Accordingly, the valuation is called real, or complex, or v-adic. For v-adic
valuations, denote by O, the associated valuation ring of F;,, by B, its maximal
ideal, and by k, := O, /P, its residue field. It is well-known that O,, being a
discrete valuation ring, admits only two prime ideals, namely, P, and {0}, and
k, is a finite extension of IF,, for a certain prime number p € Z. We call [k, : F,]
the residue extension degree of v. Based on all these, we have Ap = H;e sy
where H;es denotes the restricted product of the F,,’s with respect to the O.’s.
That is to say, an element a = (a,) € [],cg F» belongs to Ap if and only if
a, € O, for all but finitely many v € S. It is well known that, induced from the
locally compact topologies on the F,’s, A is locally compact.

Let G be a split reductive group over F with a pinning (T, B, {Z4 }aca ). Here
T is a maximal split subtorus of G, B is a minimal split parabolic subgroup of
G containing T, and A denotes the set of simple roots of the root system ®
associated to (G, T, B) and x,, denotes a non-zero vector of the proper subspace
Lie(U), of the Lie algebra Lie(U) corresponding to the eigenvalue a, where U
denotes the unipotent radical of B. We assume that {z,}aeca can be extended
to a Chevelley basis of gp. Set then

=Y o (5)

acA

2.1 Torsors over Local and Global Fields

Let F be the algebraic closure on F' contained in C, and set G = Gal(F/F)
be the absolute Galois group of F'. For each v € S, fix an algebraic closure F’,
of F,, and denote by Gr, = Gal(F,/F,) the local absolute Galois group of F'
at v.
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Definition 3. For K = F or F,, a K-scheme G is called a G—torsoiif g
is equipped with a faithful, transitive and G k-compatible action of G(K) on
G(K).
Example 2. For K = F or F,, set G = G. Then
G(K) xG(K) x Gal(K/K) — G(K)
(9,d,0) = (9d)7 =g d°
gives a G-torsor structure on G over K.

Since G is defined over F, there is a continuous action of Gr on G(F). As
usual, set HO(F,G) := G(F)G2(F/F) be the collection of G p-invariant points of
G(F) and HY(F,G) := Z'(F,G)/B'(F,G) be the set of equivalence classes of
1-cocycles, where Z'(F,G), resp. BY(F,G), denotes the set of 1-cocycles, resp.
l-coboundaries, of Gr on G(F), i.e. a continuous map

(;5 : GF — G(F)
o = Gg
satisfying
Qor = Qg * a?_,
and two 1-cocycles a, and a’, are said to be equivalence if there exists an element
g of G(F) such that
ay=g7" a,-g°
In other words, a, is an 1-coboundary if a, = g~ 'g°.
Theorem 4 (See e.g. §2 of [7]). For K = F or F,, there ezists a natural
bijection between the set of isomorphism classes of G-torsors on K and the
set HY(K,G), which sends the trivial G-torsor on K to the trivial class in
HY(K,G).
Here, naturality means that the bijection is compatible with the changes of
the field K and the group G. For reader’s convenience, we sketch a proof.

Proof. Let G be a G-torsor on K. Fix a point dy € G(K). Then, for any o € G,
there exists a unique a, € G(K) such that df = dg a, since G acts on G(K)
which itself is a group. It is not difficult to check that ¢ — a, is an 1-cocycle
and hence induces an element in H(K, G).

Conversely, if o + a, is an 1-cocycle, then on G x g K, we obtain a new
action of Gk through (o,9) — a,g?. Since G is quasi-projective, by Weil’s
theorem on descent, there exists a K-scheme G, or better, a G-torsor on K,
such that G xx K = G xx K is Gg-equivalent (with respect to the twisted
action of G on G xx K). O

There is a canonical morphism H!(F,G) — H'(F,, Q) induced by the inclu-
sion F' — F,, for each v € S, which themselves then induce a natural morphism
H'(F,G) = [[ H'(F..G) (6)
veS
Denote by Kerl(F , ) the kernel of this morphism. It is a result of Borel-Serre
that Ker'(F,G) is finite.

Corollary 5. There are only finite many G-torsors on F', up to isomorphisms,
such that, for all v € S, the induced G-torsors on F, are trivial.



2 G-Torsors on Spec O 7

2.2 (G-Torsors on Spec O
We begin with the following

Definition 6. A G-torsor on Spec O is a scheme G, equipped with a flat
surjective morphism 7 : G — Spec O and a family of flat surjective morphism
Ty : Go, — Spec O,, together with actions of G(F,) on G, for all v € Sgn, such
that the induced morphism

Gex Gy — Gu XMGI

(d,g) = (d,d?)
are isomorphisms for all points x € Spec O, closed or generic.

In particular, if G is a G-torsor on Spec O, the fiberwise {G(F,)}.ex acts
on {G(Fy)}zex with respect to 7, and the action on each generic fiber is faithful
and transitive. Moreover, for each v € Sgy, over the local integral base, induced
by the natural inclusion Op — O,, we obtain a composition of morphisms
Spec O, — Spec O — Spec Op. Thus, for the G-torsors Gp, on SpecO,, it
is not too difficulty to deduce the following result, whose proof we left to the
reader.

Lemma 7. (1) For each finite place v € Sgy, induced from the natural mor-
phisms O, — F, and O, — k,, we have

(gov)nv = g”lv a‘nd (gov)ku = gkv -

(2) For each infinite place o € Ss, induced by the natural embedding F — F,,
we have

(Gn)o = Go.

In particular, (Gn)oo =~ Goo-

2.3 Inner Form

When working over integral base Spec Op, our choice of a Chevalley basis
{xa o€ (D}U{ha o € A} determines a pinning (T, B, {Z4 }aca) of G.
To deal with the associated compatibility problem, in the automorphism group
Aut(G) of G, we consider the so-called outer automorphism group Out(G) de-
fined as the collection of the automorphisms of G which preserves the pinning
(T, B,{za}aena). There is a natural split short exact sequence

1 — G* — Aut(G) = Out(G) — 1. (7)

Indeed, G®¢ is identified with the image of G under the adjoint representation
of G,! and hence also fits into the short exact sequence

1 — G = Aut(G) 5 Aut(®,A) — 1. (8)

I The adjoint group G?d of G is the Zariski connected component of Aut(G), and may also
be identified with the connected component of the automorphism group of g := Lie(G). In
particular, G2 (F) coincides with the group of inner automorphisms of G(F) defined over F,
and acts simply transitively on the triples (T, B, {z«}) of all pinnings of G(F).



3 Compatible Metrics 8

where Aut(®, A) denotes the automorphic of the root system (®,A). In addi-
tion, the pinning {x,}aca identifies Aut(®,A) with Aut(G,T, B,{zs}) and
hence introduces a section s : Aut(®,A) — Aut(G) of the morphism 7 :
Aut(G) — Aut(®, A) in (8).

By taking Galois cohomology, we obtain the morphisms

1 1

HY(F, Aut(@)) 2 HY(F,0ut(@)) and H(F,Out(G)) 5 HY(F, Aut(Q)).

Hence, naturally associated to an element £ € H'(F, Aut(G)) are the elements
HL(&) € HY(F,0ut(G)) and (H! o H})(¢) € HY(F,Aut(G)). It is not too
difficult to see that this element belongs to H'(F, G*1). Denote the induced G-
torsor on F' by G¢, which, for later use, we call the inner form of G associated
to £.

For example, an element H!(F, Aut(G)) induces naturally a G- torsor on F.
Hence, if we take £ as the trivial G-torsor, namely, G itself to start with, then
the element corresponding to (H} o H})(&) defines a split group G®! on F.

3 Compatible Metrics

In this subsection, we assume that our base field is the field of real numbers,
unless otherwise stated explicitly.

3.1 Maximal Compact Subgroup

We first recall some basic facts on maximal compact subgroups of a real reduc-
tive group, mainly following [2].

Let G be a real Lie group with finitely many connected components. Then
any compact subgroup of GG is contained in a maximal compact subgroup. More-
over, if K is a maximal subgroup of G, then G is diffeomorphic to the direct
product of K with a euclidean space, any maximal compact subgroup is conju-
gate to K in G and G/G° ~ K/K°, where ¢ denotes the connected component
of e containing the unit element.

In addition, if G is a closed normal subgroup of G admitting only finitely
many connected components, then the maximal compact subgroups of G; are
the intersections of G; with maximal compact subgroups of G. Similarly, if G
is a closed subgroup of G with finitely many connected components such that all
maximal compact subgroups of G are conjugate by elements of G, the maximal
compact subgroups of G are the intersections of GG; with the maximal compact
subgroups of G. Consequently, in both cases, by taking a maximal compact
subgroup K of GG containing a maximal compact subgroup of G1, we conclude
that G; N K is a maximal compact subgroup in G, for at one and hence for all
maximal compact subgroups of G by conjugacy.

More generally, if G — G’ is a surjective morphism (of Lie groups) whose
kernel admits only finitely many connected components, then the maximal com-
pact subgroups of G’ are the images of the maximal compact subgroups of G.

3.2 The Cartan Involution

We here recall some basic facts on the Cartan involution associated to an alge-
braic group, mainly following [5].
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Let G be an algebraic group defined over a base field F C R. Denote by
RG the radical of G and R, G the unipotent radical of G and R4G the so-called
split radical of G, namely, the greatest connected k-split subgroup of RG. By
definition, a Levi subgroup of G is a maximal reductive k-subgroup of G. Let

G'= [ Ker(x?), (9)

XEX (G

with X(G)r := Homp(G,G,,), the group of F-morphism of G into G,,,. Then
G' is a normal subgroup of G, and is defined over F. Note that for a character
X in X(G)r, its restriction to G! is of order < 2, hence is trivial on (G!)°.
Consequently,

<G1)0:( m Ker(x))o. (10)

Since any character in X (G)r is trivial on R,G, we have G! = L' x R,G for
any Levi subgroup L of G. Hence, if A is a maximal F-split torus of RG, then

(i) G(R) = A(R)? x G(R)! and
(ii) G(R)! contains all compact subgroups of G(R). More generally,

(iii) if A; and Ay are two F-tori in RG such that A; is F-split, A; A is a
torus and A; N As is finite, then here exists a normal F-subgroup G; of
G containing A, and G such that G(R) = 4;(R)? x G1(R).

Therefore, if P is a parabolic F-subgroup of G and A is a maximal F-split
torus of the split radical RyG of G, then, for a maximal compact subgroup K
of G(R), we have

(a) KN P is a maximal compact subgroup of P(R), and
(b) G(R) = KP(R) = KA(R)°P(R). Furthermore,

(c) if KaP(R)? = Ka’P(R)? for some a, a’ € A(R)?, then a = o’ and the
map G(R) — A(R)? sending g to a = a(g) characterized by g € KaP(R)®
is real analytic.

As a direct consequence, when G is a reductive group, there exists one and
only one involutive automorphism 0k of G(R) associated to K satisfying the
following properties.

(1) Ok is "algebraic,” i.e. the restriction to G(R) of an involutive automor-
phism of algebraic groups of the Zariski-closure of G(R) in G.

(2) The fixed point set of O is K.
(3) If G1 is a normal R-subgroup of G, then 05 (G1(R)) = G1(R).

(4) Ok leaves [g,g] and 3 stable. Here, we use the same 0x to denote the
induced involution on g := Lie(G), and set 3 denotes the center of g.

(5) If o is the (-1)-eigenspace of 0k in 3, then V = expo is a split component
of G.
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(6) If p is the (-1)-eigenspace of 0k in Lie(G(R)), then, for ¢ := Lie(K), there
is a decomposition Lie(G(R)) = ¢ @ p and

ece [epCp, [pp]CE pFCp (VhkeEK)

(7) The map (k, X) — k- exp(X) is an isomorphism of analytic manifolds of
K x p onto G(R).

Note that in the case when G is semi-simple, 6k is the usual Cartan involu-
tion. Motivated by this, we call 8 the Cartan involution of G(R) with respect
to K. Moreover, the existence of the Cartan involution 6 implies an existence
of a non-degenerate Gg-symmetric bilinear form (-,-) on gc X gc satisfying the
follows.

(a) (-,-) is invariant under G and 6k, and is real on g x g.

(b) The quadratic form of (-,-) is positive definite on p and negative definite
on £. In particular, if we set

(X,Y):= —(X,0gY) and | X|?:=—(X,0xX) VX, YeEg
(11)
then (-, -) is a positive definite K-invariant and 6 x-invariant scalar product
for g x g with || - || its associated norm.

(c) For g' := Lie(G') and (-,-)! and 6} the restriction of (-,-) and O to
g! x g! and G', respectively, we have that (G', K, 0}, (-,-)!) inherit all
the properties of (G, K, 0k, (-,-)) above.

In addition, since (-, -) is G-invariant, the following infinitesimal invariance holds.
(d) (-,-) is characteristic, namely,

<¢(X)7 (ZS(Y» :<X7 Y> V¢ € AU-tLie(g)7 VXa Y e g (12)
([X,Y],Z2) =(X,]Y, Z]) vX,Y, Z eg.

Therefore, [g,g] and 3 are mutually orthogonal with respect to (-,-). In
addition, since (-, -) is fg-invariant, £ and p is mutually orthogonal. Conversely,
we may reconstruct the bilinear form (-, -) using all the above conditions. To be
more precise, starting with the Cartan-Killing form on [g, g], we may extend it
to obtain (-,-) as the direct sum of the Cartan-Killing form with a symmetric
non-degenerate bilinear form on 3, which is negative definite on 3N¢ and positive
definite on 3Np. Finally, we may extend this latest (-, -) to the total space gc X gc.
For later use, we call (-,-) =: (-,-)k the canonical form on g associated to K.
For later use, when (-,)k is viewed as a linear form from g to g*, we write it
as Hg.

Finally, let us point out that the Cartan involution can be applied in many
ways. For example, if G; is a R-subgroup of G containing R, G such that all
maximal compact subgroups K of G(R) are conjugate under G1(R), then, for a
Levi subgroup M of G(R), it makes sense to take about the Cartan involution
Ok of M with respect to K. Moreover, in this case, the subgroup (G; N M) N
0k (G1 N K) is the unique Ox-stable Levi subgroup of G1(R) contained in M.
Consequently, if P is a parabolic R-subgroup of GG, and K is a maximal compact
subgroup of G(R) and M is a Levi subgroup of G(R) containing K, then M NP
contains one and only one tLevi subgroup of P(R) stable under 6. For this
reasons, we will fix a maximal compact subgroup K of G in the sequel.
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3.3 Fine Involutions for Maximal Compact Subgroups

We are now ready to introduce new structures called fine involutions and their
associated compatible metrics for general reductive groups, which may be viewed
as natural generalizations of the known structures for semi-simple groups (see
e.g. [4]).

Let G be a reductive group defined over a subfield F' C R. Fix a maximal
compact subgroup K of G. Motivated by the Cartan involution associated to
the maximal compact group K of G, we give the following:

Lemma 8. Let H be a positive definite real symmetric bilinear form on g.
Assume H is K-compatible with respect to the Lie structure of g. Then, for
Oy == —H ' H,

(1) 0% =1.
(2) HkH 'Hg = H. That is to say, Hx0y = —H.

(3) Let ty, resp. pu, be the (+1)- eigenspace, resp. the (—1)-eigenspace, of
Oy on g. Then

(a) g ="ty Spy.
(b) On ty, resp. py, Hx = —H, resp. Hx = H, is negative definite,
resp. positive definite.

(c) g ="ty ®py is an orthogonal decomposition with respect to Hp.

(4) H is compatible with Hy, i.e. Hx : g — g* is an isometry with respect to
the metric H on g and the metric H=1 on g*.

Proof. (1) By the infinitesimal invariance of Hg, namely, two relations in (12),
we have 0y Hy0py = Hy since 0y is compatible with the Lie structure on g.
On the other hand, 9y Hx = —HxH 'Hyx = Hg 0. Therefore 0%{ =1.

(2) This is a direct consequence of (1). Indeed, since #% = 1, we have
(H 'Hg)(H 'Hg) = 1dy. Therefore, Hx H 'Hyg = H and hence Hi hetay =
—H.

(3) (a) This is a standand result in linear algebra.

(b) This is a direct consequence of (2). Indeed, since Hx0y = —HxH 'Hy =
—H, we have that Hxy = —H on ¢, resp. Hx = H on p, by the fact that, on
¢, resp. on p, 0y = 1. Consequently, Hg is negative definite on ¢ and positive
definite on p.

(c) This is a direct consequence of (b) and (c).

(4) This is a reinterpretation of (2) and (3). Indeed, by (3), Hx : g — g* is
an isomorphism. Moreover, by (2), Hx H 'Hy = H, we obtain the following
commutative diagram of isomorphisms

Hl \LH’l

This implies that Hx : g — g* is an isometry with respect to the metric H on
g and the metric H~! on g*. O
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Definition 9. An element € in the automorphisms group Auty;.(g) of the Lie
algebra g is called a fine involutions of K (with respect to the Lie structure
on g) if there exists a positive definite real symmetric bilinear form H on g
such that § = —H ! Hy and satisfies all the properties (1), (2), (3) and (4) in
Lemmag8. Here, Hi : g — g* denotes the linear isomorphism associated to the
bilinear form (-, -) ¢ on g induced from the Cartan involution fx associated with
K. Moreover, if this is the case, H is called a K-compatible metric on g (with
respect to its Lie structure), > and we denote 6 by 0.

From the discussion above, it is not difficult to see that fine involutions and
admissible metrics on g associated to K works exactly in the same way for
G' as well, since G is reductive and all maximal compact subgroups of G are
contained in G*. Indeed, the corresponding constructions on G! may be viewed
as the restrictions of the structures from g to g! := Lie(G'). For later use, set

g=g @®v. (13)

3.4 Compatible Metrics for Maximal Compact Subgroups

Denote by Mk, resp. M, the moduli space of K-compatible euclidean

metrics on g, resp. on g'. Since they contains (the isometric class of) (-,-)x in

(11), both M2} and M;‘{EK are not empty. Moreover, M{%%, resp. M;?&K,

admits a natural interpretation as a subspace of the space of (isomety classes
of) euclidean metrics on g, resp. on g!. Our main result of this section is the
following:

Proposition 10. Let G be a reductive group defined over a subfield FF C R and
let K be a mazimal compact subgroup of G. Set g = Lie(G). We have

(1) There are natural actions of G on My and M .

(2) The action of G on M in (1) induces a natural diffeomorphism
G'(R)/K ~ My (14)

Proof. (1) Recall that, for ¢ € Autpic(g), we have ‘¢pHyx¢p = Hy since Hy is
characteristic by (12). Hence, for any H € My, we have

(—'¢H¢)Hy = ¢~ 0.
This implies that *¢H ¢ belongs to M2 as well. Consequently, the assignment

(H,g) — "(Adg)H(Ad g) VH € Mg‘;}{, Vg € G (15)

defines a natural action of G on M;O}( Here, as usual, for g € G, Ad g denotes
its adjoint. This proves (1).

(2) In terms of the fine involutions 6 = f, the action above is equivalent to

(6,9) — "(Adg)0(Adg)  VgeG (16)

2 Here as usual, we view the bilinear H as a linear map from g to g*. Hence H 'Hy is
indeed a linear endomorphism of g.
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Recall that, for a general G, if we set
vg:={X€;:0X=-X}.

Then Vy := exp(bg) is a split component of G. 3 Moreover, by Proposition 2.1.10
of [5], the assignment 6 — vy gives a bijection from the set of fine involutions
associated to K to the set of split components of G. In particular, when G = G,
this map gives a bijection from the set of fine involutions to the set of maximal
compact subgroups of G. Hence, in our case, since G is connected and reductive,
all maximal compact subgroups of G are conjugate to each other. This implies
that G and hence G' acts transitively on Mtg‘}t; k- Thus, to complete our proof,
it suffices to show that the stabilizer group of fx in G' is exactly K itself.
For this we choose Ok : G}(R) — G!(R) to be a Cartan involution satisfying
dOk = 0k . By definition,

K={geG'R):0(9)=g}.

On the other hand, for g € G, 0 = (Adg) 0k (Adg) if and only if g~ 1Okg
is in the center of G(R), the connected component of G(R) containing the unit
element. But this center is trivial by our assumption, hence g belongs to the
stabilizer group of 0k if and only if g € K. O

From the proof, we conclude that v in (13) is identified with vy for a certain
compatible H of K. As a direct consequence, we obtain the following:

Corollary 11. Denote by M, be the moduli space of euclidean metric on v.
Then

(1) My =~ GLgimg v(R)/Odimg v (R), where O, (R) denotes the orthogonal group
of degree n.

(2) The natural map defined by
Mgk — Mgl x My
H = (Hl|g, Hly)

is bijecive.
4 Arithmetic GG-Torsors on Spec Op

4.1 Integral Structures on Lie Algebras

Let F' be an algebraic number field with Op the ring of integers, and let G be
a connected split reductive group over F with g its Lie algebra. Our aim here
is to introduce a G(Op)-invariant projective Op-module 90, in g ®r R which
is closed under the Lie operation.

For simplicity, assume F' = Q. Since G is defined over Q, its Lie alge-
bra g admits a natural rational structure gg and the adjoint representation

3 Denote by Ad : G — Autric(g) the adjoint action of G on g. Then Ker(Ad) acts trivially
on g. A split component of G is defined to be a maximal closed linear subspace of Ker(Ad).
By Proposition 2.1.5 of [5], if V is a split component of G, then G = G - V.
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G — Endrie(gg) is a morphism defined over Q. Consequently, there always ex-
ist G(Z)-invariant integral structures in gg, since, for any integral structure in
gg, the image under the action of G(Z) is again an integral structure in gg. Ob-
viously, the summation of two G(Z)-invariant integral structures in g¢ is again
a G(Z)-invariant integral structure. Moreover, if gz is a G(Z)-invariant integral
structure in gg, we have [gz,gz] C gg. Hence, by clearing up denominators,
we can instead assume that [gz,gz] C gz from the beginning. In this way, we
obtain a unique maximal G(Z)-invariant integral structure gz in g¢ satisfying
the condition that [gz,gz] C gz.

Put this in a more concrete form, since our reductive group G is defined over
Q, we may use the structural decomposition

90 = 90 D30

where g denotes the rational structure on g™ induced by the semi-simple Lie
sub-algebra of g. Since v C 3, this decomposition is compatible with gg =
g}Q @ vg induced by (13). Moreover, since 3 is abelian, we obtain a natural
decomposition

30 =Yg D 9g/90™. (17)

Now by applying the Chevalley (integral) basis for semi-simple Lie algebras, we
obtain a canonical integral structure g7’ on go®. Hence, what is left is to in-
troduce an integral structure on 3g which is compatible with the decomposition
(17). But this is trivial since 3 is an abelian sub Lie algebra defined over Q.
We thus obtain an induced integral structure on 3g, which we denoted by 3z.
Similar arguments then lead to the integral structures g} and vz on g@ and v,
respectively. Consequently, we have

9z =97 D3y = gz, D vy (18)

The above discussion works well if we replace G/Q by a split reductive
group G/F with F' a general number field. To indicate the dependence on F,
we rewrite the associated Lie algebra by gp. Since it admits a natural F-linear

space structure, through the Minkowski embedding F' — Fi := [],, s Fo, we
obtain a Lie algebra

Joo ' = 0Fr Qg R:= H g Fy. (19)

0ES

We introduce an Op-lattice structure on gr by setting

90, = 02®OF = gF = goo- (20)
Then

8o, = 05, Dio, =80, B Yo, (21)

where g5 = g5 ® O, 30, =32 ® OF, 8p, =07, ® Op and vy, =0, ® Op.
Using a similar argument as above, we conclude that g, is a projective Op-
submodule in gr such that [gy ,80,] € 80, In the sequel, g, will be called
the canonical infinitesimal Op-structure of G/F'.
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4.2 Arithmetic G-Torsors

Let G be a split reductive group over a number field F'. For each o € S, we fix
a maximal compact subgroup K, of G'(F,), set r& , := rank(G) — rank(G*).
We denote a real, resp. complex, 0 € Sy by o : R, resp. o : C. By §3.4, we

obtain the moduli spaces M;OF; K> TesD. M;‘i;u; K, of the compatible metrics

with respect to K, on g , resp. g}ﬂa, and natural isomorphisms

IT My, = 11 G'(Fa)/Ko,

€S 0E€Sa
tot =~ tot
H MQFU;KU H Mg}%;KU (22)
€S €S

X ((GLTgt (R)/Orgi (R))™x (GLrg‘fZ ((C)/Urgt (C))T2> :

Here O, (R), resp. U,(C), denotes the orthogonal group, resp. the unitary
group, of degree n, and r1, resp. 73, denotes the number of real, resp. complex,
places of F'. For later use, set

G'(Fo)/K(Fs) = |[ G'(Fo)/Ey and M, =] M, (23)

gESs TESs
where, to simplify our notations, we use g* as a running symbol for g and g'.

Definition 12. Let G/F be a connected (split) reductive group and let Ko, :=
(Ko)oes,, be a family of maximal compact subgroups of (G(Fy))ses..- By a
K -compatible arithmetic G-torsor over Spec O, or simply over O, we mean
a tuple (G, (Hy)ses.,) consisting of a G-torsor G on Spec O and an element

(Hy)oesn of MY 4.

Even apparently not quite related, Ho := (Hy)oes,, may be viewed as a
family of (K, )ses, -compatible metrics on the tangent bundles of the G-torsor
Goo 1= Hoesw Go. To explain this, we first recall that G, admits a natural G(F')-
torsor structure. This, via the Minkowski embedding, induces a natural G(Fs)-
torsor structure on G.,. Hence, for a fixed base point of G, the the tangent
space of G, at this point is canonically identified with go,. Consequently, we
obtain a natural metric on this tangent space. Moreover, since G, is a G(Fi)-
torsor, its tangent bundle is a flat bundle. Thus, with the help of the so-called
parallel transforms, we obtain a natural metric on the tangent bundle of G,.
This metric is uniquely determined by Ho.

Furthermore, working over G, at infinite places, Ho is a K.-compatible
metric on gl,. Thus (g4, , Hoo) for an Op-lattices in gl whose projective Op-
module component g}QF also admits a natural Lie structure over Op because,
by our construction, (g6, 86, € 86,.-

Definition 13. Let (A, (H,)) be a pair consisting of a projective Op-module
A C gr and a family of K.-compatible metrics on goo. If A is G(Op)-
invariant under the adjoint action, and [A,A] C A, then (A, (H,)) is called
a Koo-compatible principle G'-lattices over Op.

Denote by M@", resp. M@t 1, the moduli stack of K.-compatible arith-

metic G-torsors, resp. G'-torsors, on Spec Op. Then we have the following
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Theorem 14. Let G be a split reductive group on F. Then there exist the
following natural identifications:

(1) Mg)lt,F = HEGKcrl(F,Gl) Gl,é(F)\Gl(A)/HUGSﬁn Gl(ov) X Koo

(2) Mge~ T GUNGA)/([[G(O0) X KaxOpgu(R) xU,g(C)").
¢€Ker! (F,G) V€ Skin '

Proof. (1) For each v € Sap, let X,, = Spec(O,,) and set X? be the complemen-
tary open subset of {v} in X,. Then for each element g, of the affine Grassman-
nian G(F,,)/G(O,), we obtain a G(F,)-torsor &, on X, equipped with a trivial-
ization on X with the trivial G torsor, so that if an automorphicm of &, is trivial
on X7, then it is necessarily trivial. Recall that there exists a natural morphism
G(F,)/G(0,) — G(F)\]] G(F,)/G(O,) which maps g, € G(F,)/G(O,) on
the tuple consisting of g, at v and the unit elements of G(F,)/G(O,) for all
places v' € Sgp~{v}. Then, by the compatibility condition in Lemma 7, and the
fact that Spec O is affine and Op is Dedekind domain, we conclude that the
local maps induces an identifications of G(F)\ [’ G(F,)/G(O,) with the mod-
uli spaces of G'-torsors on Spec Of, by adopting a result of Beauville-Laszlo [?]
in the case when G = GL,, and that of Heinloth in [?] for general cases. There-
fore, to conclude our proof, it suffices to apply Proposition 10 to take care of the
factor of K.-compatible metrics (H, ), since G(A) is nothing but [, G(F,).

veS
(2) is a direct consequence of (1) and its proof, if we apply Corollary 11. O

In the sequel, to simplify our presentations, we will use arithmetic G-torsors
instead of the full version of K,,-compatible arithmetic G-torsors over Spec Op,
if no confusion arises.

4.3 Slopes of Arithmetic (G-Torsors

Let T¢; be the maximal split torus in the center Zg of G and let T, be the
maximal split quotient torus of G. Then

Te = Hom(Gyp, Zg) ® Gy, and T}, = Hom(Hom(G**,G,,),G,,).

Here G** := G/[G, G] denotes the maximal abelian quotient of G. It is well
known that the composition

Te = Zg — G - G - T},

is an isogeny, i,.e. a morphism with finite kernel and cokernel. Consequently, if

we set
X.(Tg) == Hom(G,,, Tc), X (TE) := Hom(G,p,, T)
(24)
X*(Tg) :=Hom(Tg,G), X (TE) := Hom(T(,, Gyy,)

then X, (Tg) — X.(T(,) is a free abelian group of the same rank. Moreover,
since Hom(G,,,, G,,,) ~ Z, there is a non-degenerate pairing

() Xo(Tg) x X*(Tg) — Z (25)
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Here TS = T or T(,. Set now
Xo(T&)oo = [] X:(T8)p, and X*(T8)e:= [[ X*(T2)r,, (26
0ESs €S
then (25) induces a non-degenerating pairing

() Xi(T&)oo X X*(T2)oo —> C

(27)
(X ) = o).
Obviously, there is a natural action of [[ .5 Gal(Fy/R) on X*(T¢ )0, and
(X.(1), x"(@)eer== ") c R, (28)

. . . I, Gal(F, /R)
For our own convenience, we denote the invariant space X*(T&)so” "=

by X*(T¢)%-
Definition 15. Let G = (G, (H,)) be a K..-compatible arithmetic G- torsor
over Spec Op. An element p € X, (T(;)x is called the slope of G, denoted by

(€)oo, if, for all x € X*(Ay,), we have
<X7 /L> = degar (ax) (29)

where ?X denotes an arithmetic G,,,-torsor on Spec O induced by the reduction
of structure group G — T, X Gy, and deg,, denotes the arithmetic degree.

This definition makes sense, since an arithmetic G,,-torsor on Spec Op
is simply a metrized line bundle on SpecOp. Hence its arithmetic degree
deg,.(Gy) is well-defined.

Remark 1. (1) Arithmetic G-torsors are first introduced in my book [10].
There is a serious overlap between this section and §16.2 of [10], even the
context here is much clearer.

(2) As to be expected, the slope can be use to definite stability of arithmetic
G-torsors ([10]). We omit the details, since it will not be used in our
current work.

5 Arithmetic Characteristic Curves

Let G/F be a split reductive group with pinning (T, G, {4 }aca) such that
{Za}aea can be extended to a Chevalley basis of g = Lie(G).

Let (G,H) be an arithmetic G-torsor on X. Denote by gx the induced
locally free sheaf on X, or equiva;ently, the associated projective Og-module in
Foo-

Let (£, p) be a metrized invertible sheaf on X. Denote by L its associated
rank one projective Op-module. Since O is Dedekind, we may identify L with
a certain fractional ideal of F. Denote this fractional ideal by the same letter
L, by an abuse of notations.

For an element ¢ € gx ®o, L C gr C goo, we denote its images under the
Chevalley characteristic morphisms x - and x . by x(¢r) € ¢r and x(¢oo) € Coo,
respectively. It is not difficulty to see that x(¢) € ¢(OF).

The element ¢ can also be used to identify X with the horizontal section
associated to ¢ Ox in gx ® L. In this way, we obtain a morphism a, : X — co,..
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Definition 16. Let G/F be a split reductive group.

(1) The pair (G, ) consisting of an arithmetic G-torsor G and an element ¢ €
gx ®op L with £/Spec Of) an invertible line sheaf is called an arithmetic
Higgs G-torsor.

(2) The characteristic arithmetic curve associated to (G; L; ) is defined to be
the scheme X, of arithmetic dimension one obtained from the morphism

X% ¢o, through the base change t, — ¢p . That is to say,

X, =X Xeo, to

F

induced from the product diagram

X, =% X

l La, (30)

Obviously, the morphism x, : X, — X is a finite (|| : 1)-covering, even
highly ramified in general. Here, as usual, W denotes the Weyl group of G/F.

Remark 2. (1) The above construction is motivated by the construction of
spectral curve (for G = GL,,) and cameral curve (for general reductive G)
by Beauville-Narasimhan ([1]) and Donagi- Gaistgory ([3]), respectively.

(2) When G = GL,, with the identification t ~ Spec F[t], the Chevalley
characteristic morphism may be viewed as the assignment for diagonal
matrices to their unorded eigenvalues. For this reason, we sometimes also
call X, the arithmetic eigen curve of X associated to ¢.

In the forthcoming papers ([11], [12]), we will use arithmetic characteristic
curves to construct arithmetic Hitchin fibrations and study the intersection ho-
mologies and perverse sheaves for the associated structures, following (Laumon-
)Ngo’s approach to the fundamental lemma ([9]) using Hitchin fibrations ([8]).
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