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Numerations in Dimension 1

Numerations in Dimension 1

@ Qp D Zp — Zp/pZp =TFp

@ #Fp=p

@ Assume #Zp =1 = #pZp=1/p

@ Assume #Zp = o € Rog = #pZp = a/p

@ Numerations for all open compact subgroups
@ Similarly, Fp((t)) D Fp[[t]]

@ log : R, g = R Multiplicative—-Additive
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Numerations in Dimension 1

Numerations in Dimension 1

@ A, B < Qp: open compact
o [ABl; = log (#2285 ) —log (#5)
@ Systematic Numeration:

n : {open compact subgroups of G} — R

satisfying n(B) = n(A) + [A|B];.

@ Num(Qp) := {systematic numerations of Qp}
@ Num(Qp) is an R-torsor
@eg m=n+loga
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Numerations in Dimension 1

Numerations in Dimension 1

Commensurable Subspaces

@ G: locally compact group, A, B < G' open compact

@ [AB]; = '°9#Am5 o9#—%

@ Systematic Numeration:

n : {open compact subgroups of G} — R
satisfying n(B) = n(A) + [A|B];.
@ Num(G) := {systematic numerations of G}

AﬂB

@ Num(G) is an R-torsor




Numerations
[ ]

Numeration in Dimension 2

Definition

@ L =Qp((u)), Qp{{u}}: 2 dimensional local field,
@ Ind-Pro Topology

® Qpl[u]l/uQpl[ul]l = Qp, Zp((u))/PZp((u)) = Fp((u))
@ Ind-Pro Topology

e Wi, W, < V: closed subspace

o W< W, W< W, s.t. W;/W: locally compact

o [W;|Ws; W], := Homg (Num(W; /W), Num(W,/W))
o [Wi|Wa]s := prolimy, [Wq|Wa; W],

@ [Wi|Wa], is an R-torsor
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Metrized Version

Discrepancy

@ V: metrized R-space of finite dimension
o V.:0— VLV, Vs — 0exact as R-space

@ Discrepancy .
’y(v ): ||I(e1)/\"'/\l(ef)/\er+1 /\el’+SH2
Y ler A Aerlly - lim(€ren) A Am(erts)lla

Basic Maps: One Example

@ A B, C<R((u)) st. A~ B~ C (Commensurable)

® (A|B) :=det (425)" ® det (425)

® appc: (AB)@r (B|C) ~ (AC)

@ Iy(azp ) € Rdiscrepancy & aapc =: aap.c-V(z5zc)
@ — apgc: (AB)®r(B|C) = (AC) isometry
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Central Extension: Finite Places

Central Extension: Finite Places

@ L: 2 dim local field, O, : valuation ring

@ Central Extension:

L[+ = {(g,n): g€ L* ne[0g0]}
(91,n1)(g2, n2) := (9192, N1 - g1(N2))

w/ Ny @ gi(n2) €[0L]|g10.]2 ®r g1 ([0L]9201]2)
~[01]|g101]2 ®r [9101]919201]2
=[011919201]2

@ Jexact sequence
0-R—L* 5 [* 1
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Central Extension: Finite Places

o f,geclstn(f)y=Ffn(g)=g
@ Definition:

(f.o).=[f,gleRcl* Vfgel*

v x L k(L) 2T 2z

w/ do: tame symbol, d1: valuation

(f,9)r = log #(L) - vi(f,9)
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Central Extension: Infinite Places

Symbols at Infinity

o L=K(() > K[[f]]w/ K =R, or C
@ Gentral Extension:
" = {(g.a): g € L*, a € (K[[MI|gKI[f]]). a # 0}
W/ (91,21)(92, @) = (9192, @a1g1(az))

@ Jexact sequence ar
0-R" =L S L[*—=1

o fgel* f,gel* str(f)=Fn(g)=g
@ Local Symbol: (f,g)L :=[f,d]€eR
|70(0)"1(9)]

|9o(0)»()]
w/ f(t) = t1Dfy(t), g(t) = 119D gy(t)

@ Fact: (f,g)L = log




Reciprocity Laws

Preparations

@ X/Of: arithmetic surface w/ 7 : X — Spec Of
@ C C X: integral curve, n¢: generic pt, x € C: closed pt

Finite Places

o —

@ k(X)xc = FraC<(@x,x)nC) =D dim 1oc 1a L
® (- )xc=(

@ P e Xg: closed point

@ Kk(X)p&gR := Frac (OXF,/P-gQ R) =Dk ((t)) k=ror c L
® (,)p=(, )L

A




Reciprocity Laws

Reciprocity Law

Reciprocity Law: Around A Point

@ x € X: closed point

ZC:C9X<f’ g>X,C = 0

Reciprocity Law: Along Vertical Curve

@ V c X: vertical curve

ZX:X€V<f’ g>X,V =0

Reciprocity Law: Along Horizontal Curve

@ P e Xg: closed pt, Ep: corr. horizontal curve

ZX:XGEF»(f? g>X,Ep + <fa g>F’ =0
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Constructions

Central Extension: Global

Central Extension

@ X: arithmetic surface
@ 1 central extension

O%R%mwg _>k(X)*_>1
° W%IX = [Ixeg, Orpx((U)) % (@‘P((u))(@@R)

Main Theorem

Exact sequence

—

0—=R—= K(X)pa — k(X)) —1

Ox

splits
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Constructions

General Construction

w/o Adjunction Formula

o w: = F Z __; wi A w;: canonical volume form/X
L: w-adm|33|ble metrized line bdl/X
s # 0: rat section of £ s. t. s|g, #0

div(s|g,) =: >_x Mx[x], div(s|x;) =: >_q MalQ)
Jde(s) € Rs.t.

L = O(div(s)) - exp(—c(s))

=TT me™ () x ] 0x-(@)°"™|p((v)) BeR

xeEp QeXr

a—c(9)
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Constructions

Numeration: Arith Intersection

@ numyg (mEP X) = —log qx;

@ numg (Ox.(Q)|p) := g(Q, P); Arakelov-Green function
o numg (Of, «[[u]]/u"OF, «[[u]]) = m;

@ numg (Ox, p[[u]]/u™Ox, pl[U]]) :=

o numg"ef(W%r’s) = deg,, (Z|ET,)

@ sy and s}, resp. s and s'’: ‘nice’ sections of L4, resp. of £

@ — 1 metrized R-torsors isometries
Num(W%r, ) Num(Wer,)

Num( /W%rs) = Num(W%r1 Qsﬁ/Wer,)
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Constructions

Global Numeration

Definition

[ £,1 Sq ’ [:2 32]2

:=prolim,z , Homg (Num(Wj‘:r s / Wﬁ S) Num (

wa /W)

Proposition

War ] o) [ ng' War

L4 ,S/ ‘ Lo, S,

[ S1| L3,52

2
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Constructions

Action on Reference Spaces

@ fek(X) st flg, #0,
div(fles) =t 3y nelxd, div(flx,) =Yg molQ) =

@ Algebraic:
F- W8, = [T mel(@) x [T 0x(Qmle((w)
xeEp QeXr
W/ W5, = xee, Opx((U)) X Taex: Oxealp((U))-
@ Metric:
F-wg = [T meli(@) < [T 0% (@) ™lp((u)) - b1

xeEp QeXr
= W%rx(diva,(f)),f :
w/ div,(f): Arakelov divisor of f

o [fWE =W o ViEkX)
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Constructions

Arithmetic Central Extension

@ Define an arithmetic central extension by:

o k(X) y ={(f,a) : fek(X)",a € [WS |WS ]o};

o (f,a)0(g.8) = (fg,a0f(B)) W/ aof(B):=af(p).
@ Based on:

(W2 | 1o @ [ | fgWs 1, = (W |GV |,

Main Theorem

—

° k(X)*W%x is a central extension of k(X)* by R;

@ Canonical exact sequence splits

0—>]R—>l()(\)*wE — K(X)* — 1

Ox
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Arithmetic Residue Theory

Algebraic Residue Theory

Residue Isomorphism

@ Ep =: Spec A, w/ A: order of Of, a Dedekind domain
4 WEP/Y = {b S F( ) : Tl’(bA) - OF}

® We, vy :=lee, mEp X
@ Residue map induces

res : K+ (Ep)|g, ~ W;P/Y’

Arith Adjunction Formula

@ Set: d)\(Ep) = ZGGEOO Nadg,U(EP)
w/ dg.(Ep) = Zigjg(Piv Pj) & P ={P;}
@ Introduce: dg, )y := —log (Wg, )y : OF) =

o Arith Adjunction Formula: K, - Ep + Ep = dg, v + d\(Ep)
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Construction

Arithmetic Adelic Complex

@ P e Xg: alg pt, Ep C X: corr horizontal curve
I, ideal sheaf of Ep C X

@ L: metrized line bdl/X, L|g, := Og,(>_, nx[x])
Le = Llx; = Ox:(3_qex. MalQl)
@ Introduce adelic complex AEA; (L)
k(X)g, x ( I] (Be®g,, £) x (Br ®p, , L&QR)) — AL:

X€Ep

W/ By i= Ok, x((4)), Bp = Oxc[p((1)),
A2 = e, KER)((@)
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Construction

Arithmetic Cohomology

Proposition

HO(AZ! (L)) =Hg(Ep, Llg,) (1)),

H'(A£: (L)) =Hi(Ep, Llg,) (1)):

v

Coefficient Numeration

num (Hy (Ep, LIg,)) =ha (Ep, LIg,)

o x|
==10g> o (Erle,)
numo(H;r(Ep,Z\EP)) :h;r(Ep,Z\EP)

= —log Z _ . e lixll
XeHg(EPvKEF,@ﬁlEP)
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Construction

Numeration in Dimension 2

Numeration in Dimension 2

@ Coef Numeration + ((u)) numeration:
numg (A[[u]] /u"A[[u]] := n - numg(A)
w/ A: numerable locally compact space
— R-torsor Num(Hy, (Ep, L|¢,) ((u))

° — R-torsor Num(H’ (AE/";*(Z)))

Numeration for Adelic Arithmetic Complex

@ Definition:

Num(A2" (L))

5%

:=Homg (Num(H" (AEA;’* (£))), Num(H° (AEA:,* (£))))
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Main Theorem

Main Theorem

Main Theorem
3 canonical isometry

W, s IW,

z J2 = Homs (Num(AZ" (£1)),Num(AZ" (£5)))

[,23
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Main Theorem

History

@ Weil: reciprocity law for curves
@ Tate: residue formula using trace for curves

@ Arbarello-De Concini-Kac: central extension and
reciprocity law for curves

@ Parshin: reciprocity laws for geometric surfaces

@ Osipov: dimension theory in dimension 2 and central
extensions for geometric surfaces

@ Sugahara-Weng: reciprocity laws and central extensions
for arithmetic surfaces

@ This is a joint work with K. Sugahara




Proof: Arith Adelic Complex
.

Thank You

Thank You

Tokyo, 26, 01, 2016
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