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CURVATURE OF THE L?>-METRIC ON THE DIRECT IMAGE
OF A FAMILY OF HERMITIAN-EINSTEIN VECTOR BUNDLES

By WiNG-KEuNG To and LiN WENG

Abstract. For a holomorphic family of simple Hermitian-Einstein holomorphic vector bundles over
a compact Kahler manifold, the locally free part of the associated direct image sheaf over the
parameter space forms a holomorphic vector bundle, and it is endowed with a Hermitian metric
given by the L2 pairing using the Hermitian-Einstein metrics. Our main result in this paper is to
compute the curvature of the L2-metric. In the case of a family of Hermitian holomorphic line
bundles with fixed positive first Chern form and under certain curvature conditions, we show that
the L2-metric is conformally equivalent to a Hermitian-Einstein metric. As applications, this proves
the semi-stability of certain Picard bundles, and it leads to an aternative proof of a theorem of
Kempf.

0. Introduction. Given a holomorphic family of simple Hermitian-Einstein
holomorphic vector bundles over a fixed compact Kahler manifold and paramet-
rized by a complex manifold, one obtains a coherent analytic sheaf over the
parameter space by taking direct image. The locally free part of the direct image
sheaf forms a holomorphic vector bundle over a Zariski open subset of the pa-
rameter space and is endowed with a Hermitian metric given by the L?-pairings
on global holomorphic sections of the Hermitian-Einstein bundles with respect
to the Hermitian-Einstein metrics and the Kéhler metric on the Kahler manifold.
Our objective in this paper is to compute the curvature of this L2-metric.

This work is partly motivated by earlier works of various authors on the
analogous problem of computing the curvature of the Weil-Petersson metric on
the moduli space of Hermitian-Einstein vector bundles over a compact Kahler
manifold ([C], [ST], [ZT]), where the Weil-Petersson metric is defined similarly
by the L2-pairing on the harmonic representatives of the Kodaira-Spencer classes
associated to tangent vectors of the moduli space. In particular, the approach of
Schumacher-Toma [ST] is especially inspiring to us, and their observation that
the curvature form of the total space contains the harmonic representatives of the
Kodaira-Spencer classes also plays an important role in our computations.

In the case of afamily of ample line bundles over a compact Kéhler manifold
of semi-positive Ricci cuvature, the curvature of the L2-metric takes a simple
form (see Theorem 2). When the parameter space is a compact Kahler manifold,
the L?-metric is conformally equivalent to a Hermitian-Einstein metric, which
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leads to the semi-stability of the direct image (see Theorem 3). Our result also
leads to an aternative proof of a theorem of Kempf [Ke2] on the Picard bundle
associated to an ample line bundle over an abelian variety (see (1.4)). A problem
of Narasimhan asks whether for compact Riemann surfaces of genus g and aline
bundle of degree d > 2g — 2, the Hermitian-Einstein metric on the associated
Picard bundle over the Jacobian variety with respect to the canonical polarization
is conformally equivalent to the L2-metric (see [Ke2]). Our result may be regarded
as a partial solution to the higher dimensional analogue of Narasimhan’s problem.

This paper is organised as follows. In §1, we introduce some notations and
state our main results. In §2, we carry out the computation of the curvature of
the L%-metric. In §3, we treat the case of a family of Hermitian holomorphic
line bundles with fixed positive first Chern form. Finally, in §4, we give a short
aternative proof of Kempf’s theorem.

1. Notation and statements of results.

(1.1) Let X be a compact Kahler manifold of dimension n endowed with a
Kahler metric g. Denote the Kahler form of g by w. Let (Ep, hg) be a Hermitian
holomorphic vector bundle of rank r over X, and denote the curvature form
associated to the Hermitian connection of hg by Qg € AM(X, End(Ep)). Here
AYL(X, End(Ep)) denotes the space of End(Eg)-valued (1,1)-forms on X. (Eo, ho)
is said to be Hermitian-Einstein if

vV—=INQg=cC- IdEo

for some real constant c, where A denotes the adjoint of the operator of exterior
multiplication by w, and Idg, denotes the identity endomorphism on Eg. Eo is
said to be simple if any global holomorphic endomorphism of Egp is a constant
multiple of the identity. It is well-known that Eg is a simple Hermitian-Einstein
vector bundleif and only if Eg is stable with respect to w in the sense of Mumford
and Takemoto (see [D1], [D2], [Kol], [LU], [NS], [UY]). A holomorphic family
{(&s, hs) }ses of Hermitian holomorphic vector bundles over X parametrized by a
complex manifold Sis a Hermitian holomorphic vector bundle (£, h) over X x S
such that &[x (s = & and hlx, (s} = hs. Furthermore, {(s, hs)}scs is said to be a
family of (simple) Hermitian-Einstein vector bundles if each (&, hs) is (sSmple)
Hermitian-Einstein.

Let m: X x S — S denote the projective map onto the second factor. By
Grauert [G], the direct image sheaf 7.£ is coherent over S and is thus locally
free outside a proper anaytic subvariety Z of S. Moreover, one has

(m.£)s = HY(X, &) forse S\Z,

where, by abuse of notation, we aso denote the holomorphic vector bundle over
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S\Z which underlies 7.£ by the same symbol. On S\Z, the vector bundle 7.£ is
endowed with a smooth Hermitian metric known as the L?-metric and is given
by

n

H(t,t) = /X<t,t’>°;—|, for t,t' € HO(X, &), s € S\Z.

Here (t,t') denotes hs(t,t'). We shall also use the same symbol to denote the
pointwise inner product on Es-valued differential forms induced by hs and g. It
is well-known that the Hermitian-Einstein metric on a simple vector bundle is
unique up to a positive constant factor (see e.g. [UY]). Thus for a family of
simple Hermitian-Einstein vector bundles (¢ — X x Sh), h is unique up to a
smooth positive function A(S) on S, and the associated L?-metric H on 7.£ is
also unique up to the same function A(s) on S\Z.

For s € S we let p: TsS — H(X,End(&s)) denote the Kodaira-Spencer
map, and let , € A%L(X, End(Es)) denote the harmonic representative of p(v) in
H(X, End(&s)). We let G (resp. Gegnez) denote the Green’s operator on s (resp.
End(&s))-valued differential forms associated to the 0-Laplacian 0 := 00* + 9*0
on & (resp. End(&s)). Here ny, Ggg, Gegper are with respect to the Hermitian
metrics hs and g. Denote the curvature form of (€, h) by Q € ALL(X x S, End(€)).
We will use the symbol [, ] to denote Lie brackets of £s-valued differential forms,
and we will adopt the Einstein notation of summing up indices which appear in
both subscripts and superscripts.

We are now ready to state our main result as follows:

THEOREM 1. Let (£ — X x S h) be aholomorphic family of simple Hermitian-
Einstein vector bundles of rank r over an n-dimensional compact Kahler manifold
X and parametrized by a complex manifold S. Let Z C S be the proper analytic
subvariety such that the associated direct image sheaf 7..£ islocally free over S\Z.
Then the curvature tensor © € AYY(S\Z, End(..£)) of the L2-metric H on 7€ is
given by

n
A1) O = War HILO)+ [ (Geoss (Mo WDLY) o

n

- /X (Ges(mut), nvt’>ﬁ—.,

for se€ S\Z,u,v € TsSandt,t' € HO(X, &), where W € AY(S\Z) isgiven by

n(X)

(1.1.2 YO)w = m / Tr(Quv(x,9))

Here Tr denotes the trace and Vol (X, w) denotes the volume of X with respect to w.

Remark. When h (and hence H) is multiplied by a smooth positive function
A(s) on S, the first term of the curvature tensor © of H in (1.1.1) is modified
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by —00logA - H(t,t'), while the second and the third terms of (1.1.1) remain
unchanged.

(1.2) Next we consider a holomorphic family of (ample) Hermitian holomor-
phic line bundles (£ — X x S h) = {(Ls, hs) } scs over a compact Kahler manifold
(X, w) and parametrized by a complex manifold S, such that the first Chern forms
c1(Ls, hs) satisfy the following condition: there exists k € R* such that

(2.2.) c1(Ls, hg) = ziw foreachse S
vis

Note that if (X,w) is of semi-positive Ricci curvature, then each L5 — Ky is
ample, and by Kodaira vanishing theorem, H'(X, £s) = O for i > 0. Then by a
result of Grauert [G], w.L is localy free over S Then Theorem 1 gives rise to
the following:

THEOREM 2. Let (£ — X x S h) be a holomorphic family of ample Hermitian
line bundles with fixed positive first Chern formequal to (k/2m)w for somek € R*
asabove. Suppose furthermore that (X, w) isof semi-positive Ricci curvature. Then
the curvature tensor © € A(S, End(r,.£)) of the L?>-metric H on 7. £ is given by

(1.2.2) Oguw = Zuw - H(t, )
forse S u,v € TsSandt,t’ € HO(X, Ls), where = € AYY(S) isgiven by

w'(X)

n!

1 1
123 290 = i /x (R0 — (s ) ()

Here Q € AM (X x S) and ny,ny € A%Y(X) are defined similarly asin (1.1). In
particular, the Hermitian connection of H on 7. L is projectively flat.

As one will see in the proof of Theorem 2, the pointwise inner product
(musmv)(X) In (1.2.3) is actually constant independent of x.

Remark 1.2.1. (1.2.2) implies that with respect to any Hermitian metric on
S the trace AO is pointwise proportional to the identity on w.L, i.e, A@ =
A(S) - Id,, 2 for some smooth function A on S,

(1.3) Let L be an ample holomorphic line bundle over a compact complex
manifold X. Denote the Picard variety of X by Pic%(X). There exists aline bundle
known as the Poincaré line bundle P over X x Pic%(X) such that P|y, 03 = Ox
and P|X><{S} is the line bundle represented by s € Pic%(X). P is unique up to
the pull-back of aline bundle over Pic®(X) (see e.g. [La, Chapter 4]). Denote by
p: X x Picd(X) — X (resp. m: X x Pic%(X) — Pic%(X)) the projection onto the
first (resp. second) factor. The Picard bundle W(L) over Pic®(X) associated to L
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is defined as follows:

(1.3.2) WIL) := m(P @ p*L).

Recall also that if the first Chern class c1(X) of X in H2(X, Z) can be represented
by a semi-positive (1,1)-form, then one simply says c1(X) > 0. Recal also that
a vector bundle is said to be poly-stable with respect to a Kahler form w if it is
adirect sum of w-stable subbundles with the same slope. Then Theorem 2 gives
rise to the following:

THeEoREM 3. Let X be a compact complex manifold with ¢ (X) > 0.

(i) Let £ — X x Sbe a holomorphic family of ample line bundles over X and
parametrized by a compact Kéhler manifold S. Then r,. £ ispoly-stablewith respect
to any Kahler formon S,

(i) In particular, the Picard bundle W(L) over Pic®(X) associated to an ample
line bundle L is poly-stable with respect to any Kahler form on Pic®(X).

Notice that since c1(X) > 0, one can deduce as in (1.2) that 7,£ (and thus
WI(L)) is necessarily locally free. Also Theorem 2 and Theorem 3 apply to a
wide class of manifolds that include Calabi-Yau manifolds and abelian varieties.

(1.4) Let A be an abelian variety. Then its Picard variety is just its dual
abelian variety A. In this case, one fixes the isomorphism class of the Poincaré
line bundle P over A x A by requiring additionally that Plioyxa = Oa. Let L be
an ample line bundle over A, then we get aline bundle P ® p*L on A x A. Denote
the associated Picard bundle over A by W(L) as in (1.3.1). It is well-known
that as a line bundle over an abelian variety, there exists a Hermitian metric h
on P ® p*L (unique up to a positive constant multiple) such that its curvature
form is invariant under translations of A x A (see e.g. [F, Chapter 2, §2] or [MB,
Chapter 2]). Kempf proved the following:

_ Treorem 4. [KeZ] With respect to any translation-invariant Kahler metric on
A, the Hermitian-Einstein metric on the (stable) Picard bundle W(L) is equal to
the L2-metric induced by h and any flat Kahler metric on A.

Thus unlike Theorem 2, no conformal change is necessary here. We will
give a short aternative proof of Theorem 4 using Theorem 2. Kempf’s original
proof of Theorem 4 israther algebraic, whereas our approach is more differential -
geometric in nature.

2. Curvature of the L?>-metric.

(2.1) Throughout §2, we will follow the notations in (1.1). Let (£ — X x
S h) be a holomorphic family of simple Hermitian-Einstein vector bundles as
in Theorem 1. Let m=dimgSand n = dimgX. For se€ Sand v € TS, recal
from (1.1) that , € A%Y(X,End(&s)) denotes the harmonic representative of
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the Kodaira-Spencer class of p(v). Recall also from (1.1) the curvature tensor
Q € AY (X x S End(£)) of (£, h). We shall need the following proposition, which
also plays acrucia role in the computation of the curvature of the Weil-Petersson
metric by Schumacher-Toma [ST]:

ProposiTion 2.1. [Q], [ST, Proposition 1] With respect to local coordinates
S=(9)1<i<mfor S, z= (z*)1<a<n for X and coordinate tangent vector 9/0s € TsS,
one has

(2.1.1) N/0s(D = Qialz, 9IZ* € End((€s)?) ® TEX for ze X.

Remark. Proposition 2.1 can be interpreted as follows. For se€ Sandv € TsS
extend v arbitrarily to a vector field V on an open neighborhood U of sin S. Then
lift ¥ horizontally to a vector field on X x U C X x S, which we denote by the
same symbol. Then the relative differential form (in the X direction) associated
to the contraction ¥ U Q € A%(X x U, End(£)) restricts to 7, on X x {s}.

We are now ready to give the proof of Theorem 1 as follows:

Proof of Theorem 1. Choose local coordinates s = (s!,...,s™) for S where
m=dim¢S so that 7.£ islocaly free at s= 0 and of rank p. Choose a holomor-
phic trivialization {t,t,,...,t,} of m.£ over a coordinate neighborhood U C S
containing O such that the L2-metric H on 7,.£ satisfies

OH

(2.1.2) X

\ =0 fori<ab<p, 1<i<m
s=0

Here H,; = H(ta, t), and we will usethelettersa, btoindex {ty, .. .,t,} thereafter.
Note that {t1(S),...,tp(S)} forms a basis of H(X, &) for each s € U. We will
use the letters i, j to index coordinate functions st,...,s" on Sand we will use
the Greek letters o, 3 to index coordinate functions L, . . ., 2" on X. In the sequel,
covariant derivatives will be used with respect to the Kéhler metric g on X, the flat
connection on S and the Hermitian connection on (£, h). We will use the standard
semi-colon notation to denote covariant derivatives, so that ty;i := V), /o ta, tao =
V/a21a, €tc. With respect to the above trividization, the curvature tensor © of
(r«&,H) a s=0is given by

e OPHg
(213 i 0 = ~5379 Lo
0?2 w"
T 9909 /x<ta’ ) 1 o0
w" w"
= _/x<a;ij’tb>ﬁ ;o_/xaa;i’tb;j)ﬁ <o

.



CURVATURE OF A FAMILY OF HERMITIAN-EINSTEIN VECTOR BUNDLES 655

First we deal with the integral I>. Denote by Hg, the harmonic projection
operator on & with respect to the Laplacian, so that at s= 0,

(2.1.4) tai = Hey(tai) + UGstasis

where G¢, isasin (1.1). Then it follows from (2.1.2) that at s =0,

n

(2.15) /(ta;i,tb>% =0 forl<ab<p 1<i<m
X !

Since {tp}1<b<p forms a basis of HO(X, &) at s=0 and Hg,(tai) € HO(X, &), it
follows from (2.1.5) that

(2.1.6) Heo(tai) =0 for1<a<p, 1<i<m

Combining (2.1.4) and (2.1.6), we have, at s= 0,

(.dn wn
ok o Y . C(Jn
= /)(((‘9 Geotai, O toy) + <8G50ta;ivatb;j>)ﬁ
— — wn
= /X<Ggoata'|,8tb‘1>ﬁ

(since [Gg,, ] =0 and §*ty; = 0).
In terms of the semi-colon notation, the commutation relation V;Vata—VaVita =
Qiata becomes tyqi — taja = Qiata, Which is usually called the Ricci identity.
Taking 0 in the direction of X, we have
(2.1.8) Otai = tajadZ
(taa — Qiata)dZ* (by Ricci identity)
—Qiztadz* (by holomorphicity of tj)

—nita (by Proposition 2.1),

where 7; denotes 7, /o8 € A%L(X, End(Es)). Combining (2.1.7) and (2.1.8), we

have
n

(21.9) 2=~ [ (Ge(ntahte) -

Next we dea with the first integral 11 in (2.1.3). By the Ricci identity and holo-
morphicity of t;, we have, asin (2.1.8),

(2.1.10) taii = taji — Qijta = —Qjjta.
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Asin (2.1.4), we have, forse S

(2.1.11) Q H55®5s (Q”) + Ggs®g* DQ”,

where Hegoer, Gegner denote the harmonic projection operator and the Green's
operator on End(&s) respectively. Since Hegpes () € HO(X, End(&)) and & is
simple, we have

(2112) Hgs®5§ (Q”_) = qJ(S)”_ IdSS

for some W(s)ij € AM(S\2). For fixed s € S\Z, we have, by (2.1.12),
1 w"
W() = W/("'&@S;(Qij)v'dsQW

wn

Ideg)

:rwm@/'v

(since Hegees IS self-adjm nt and Idg, is harmonic),

which implies W is as given in (1.1.2). To deal with the last term in (2.1.11), we
recall that from the computations in [ST, p. 106, egquation (11)], one has

(2.1.13) 005 = g°[Qi5, Qul € End(&s),

which is aconsequence of the Ricci identity, the Bianchi identity and the Hermitian-
Einstein condition on (&, hs). On the other hand,

(2.1.14) 9”5 Q] = 7[5 Qal
= A[ni,n] (by Proposition 2.1).

Thus

2.1.15) 1y = — / <—Q1a,tb> (by (2.1.3), (2.1.10))
X

n

| (Hesos; (@) + Geaoes D@7 ) 5 (by (2110)

n

VSH () + [ (Gesois (AL, D ) o
(by (2.1.12), (2.1.13), (2.1.14)).

Then (1.1.1) follows immediately from (2.1.3), (2.1.9) and (2.1.15), and we have
finished the proof of Theorem 1.
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3. Family of Hermitian line bundles with fixed positive first Chern form.

(3.2) Throughout §3, we will follow the notationin (1.2). Let (L — XxS h) =
{(Ls, hs) } scs be aholomorphic family of Hermitian line bundles as in Theorem 2.
Recall that X is endowed with a K&hler metric g of semi-positive Ricci curvature,
and whose Kahler form w satisfies (1.2.1). To prove Theorem 2, we shall need
the following lemmas:

Lemma 3.1. Let (X, g) be a compact Kéhler manifold of semi-positive Ricci
curvature, and let n € A%1(X) be a harmonic (0,1)-form. Then

(31.1) Vn=0 and Vn =0.
Here V) (resp. Vi) denotes the tensor with components 1z 5 (resp. Na:3)-

Proof. Since n € A%Y(X), we have V) = 0n. Then the first equality of (3.1.1)
follows from the fact that the 9-Laplacian and 0-Laplacian are equal on a Kahler
manifold. The second equality of (3.1.1) follows from the semi-positivity of the
Ricci curvature and the Bochner formula (see e.g. [S1, equation (1.3.3)]).

LemmA 3.2. Let {(Ls, hs)}scs be as in Theorem 2. For fixeds € S lett €
HO(X, Ls) and let € A%L(X) be a harmonic (0,1)-form on X. Then with k € R*
asin (1.2.1), we have

(3.1.2) O(nt) = knt.

Proof. By (1.2.1), the curvature form Q of (Ls, hs) satisfies Q5 = kg, 3,
where g denotes the Kahler metric on X. Also, since both n and t are 9-closed,
ont) =dn ANt—n A0t =0. Interms of local coordinates (z*) for X, we write
n = ngdz®. Then

Oty = (90" +9*d)(nt)

= 90"(nt) (since I(nt) = 0)
a(— 9" V(1)
= —0(0"* (gt + 15ta))
= —3(g™nzta) (since 15, =0 by Lemma3.1)

= —(g"ngsta + 9" n5tas)dz  (since g5 = 0)
= —ggangt;a;ﬁ (since 735 =0 by Lemma3.1)
= —g"nz(— Quyt)dz’

(by Ricci identity and holomorphicity of t asin (2.1.10))
= kg’ nzga5tdz  (by (1.2.1))
= knt.

This finishes the proof of Lemma 3.2.
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Now we give the proof of Theorem 2 as follows:

Proof of Theorem 2. Let (L — X x Sh) = {(Ls,hs)}ses and Q be as in
Theorem 2. On X, we denote by g the Kahler metric of semi-positive Ricci
curvature. For each s € S it follows from (1.2.1) that the curvature form Qg( =
Q|.,) of (Ls, hs) satisfiesAQ = k-1d., wherek € R* isasin (1.2.1). In particular,
each (Ls, hs) is Hermitian-Einstein. By Theorem 1, the curvature © of the L?-
metric H on 7..L with respect to {hs} and g is given by (1.1.1) and (1.1.2). Note
that Ls® L% = Ox. For s € Sand u,v € TS let ny, v € A%(X,End(Ls)) =
APL(X) be the associated harmonic forms as in (1.1). By Lemma 3.1, ny, 7 are
parallel tensors and thus the pointwise inner product (ny, 7y ) isalso parallel, which
implies that (ny,ny) is a constant function on X. In terms of local coordinates
(z%) for X, we write n, = (ny)ada, etc. Then

Al in] = 0% () 50005 = (nuv)-

Hence, A[ny, nv] is aso aconstant function on X, and by definition of the Green’s
operator,

(3.13) Grgocg (Nlnu,mv]) = 0.

Let t,t' € HO(X, £s). By Lemma 3.2, O(1,t) = knyt, and thus by definition of the
Green's operator, we must have G (nut) = (1/K)nut. Also, we have seen earlier
that (ny,7v) is pointwise constant on X. Hence,

n!

n
:k/nu,m ()=

= k<77u,77v>H(t t').

(3.1.4) /x <Ggs(nut),77vt'):—: / <inut ot > N

Combining (1.1.1), (3.1.3), (3.1.4) and with W as defined in (1.1.2), we have

1
etPU\T = l'IJU\T : H(t!t,) + O - E<”7U17]V>H(t1t/)

Wy — & b)) - HEEY)
Zw e H('[,t/),

where = € AY(S) iseasily seento be given asin (1.2.3). Thus we have completed
the proof of Theorem 2.

(3.2) In this section, we are going to deduce Theorem 3 from Theorem 2.
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First we recall the following well-known lemma, whose proof will be skipped
here:

LemmA 3.3. Let {Ls}ses be a smooth family of holomor phic line bundles over
a compact Kahler manifold X and parametrized by a smooth manifold S. Let v be
a real d-closed (1,1)-form on X representing ¢1(Ls) € H?(X,Z) for each s € S
(c1(Ls) does not vary with s since H2(X, Z) is discrete). Then there exists a smooth
family of Hermitian metrics {hs}scs on {Ls}scs such that

(3.2.1) c1(Ls, hs) =v foreachse S

Now we give the proof of Theorem 3 as follows:

Proof of Theorem 3. First we prove (i). Let { Ls}scs be a holomorphic family
of ample line bundles over a compact Kahler manifold X with c1(X) > 0 and
parametrized by Sasin (i). As mentioned in (i), c1(Ls) € H2(X, Z) does not vary
with s. Since each Ls isample, ¢1(Ls) isaKahler class. By atheorem of Yau [Y],
for any d-closed (1,1)-form ¢ representing ¢;(X), there exists in any Kahler class
a Kahler metric whose Ricci form is 2r¢. Since ¢1(X) > 0, the above theorem
implies that there exists a Kéhler metric of semi-positive Ricci curvature and
such that the cohomology class [w] of its Kahler form w satisfies [w] = ¢1(Ls).
By Lemma 3.3, there exists a smooth family of Hermitian metrics {hs}scs on
{Ls}ses such that c1(Ls, hs) = w for each s € S Then we endow 7L with the
L?-metric H associated to the Hermitian metrics {hs}scs and the Kahler metric
w. By Theorem 2, the curvature © of H satisfies (1.2.2). Then with respect to
any Kahler metric on S the trace A® of O satisfies A® = \(s) - Id,, o for some
smooth function A on S (see Remark 1.2.1). Then it is known that this implies
H is conformally equivalent to a Hermitian-Einstein metric on 7. L (see e.g. [S2,
p.16]). By aresult of Kobayashi [Kol] and Lubke [LU], this implies that 7,.L is
poly-stable with respect to the Kéhler form w on S This finishes the proof of (i).
To prove (ii), we first observe that by construction, the Poincaré line bundle P
forms a holomorphic family of line bundles over X with zero first Chern class.
Then for an ample line bundle L on X, P ® p*L forms a holomorphic family of
ample line bundles over X with first Chern class equal to ci(L), and parametrized
by Pic®(X). Then (ii) follows immediately from (i). Thus we have completed the
proof of Theorem 3.

4. A Theorem of Kempf. In this section, we give an aternative proof of
Theorem 4 of Kempf [Ke2] using Theorem 2 as follows:

Proof of Theorem 4. Observe that the volume forms of any two flat Kahler
metrics over A are constant multiples of each other. Thus we just need to prove
Theorem 4 for one fixed flat Kahler form on A. As in Theorem 3(ii), W(L) is
the direct image sheaf associated to P ® p*L which forms a family of ample
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line bundles {Ls} . with first Chern class equal to c;(L) and parametrized by
A = Pic°(A). For the line bundle P @ p*L over the abelian variety A x A, denote
by h the Hermitian metric (unique up to a constant multiple) whose curvature
form Q is invariant under translations of A x A as in Theorem 4. Let hs = h|,
for s € A. The ampleness of L and the translation-invariance of Q implies that
for each s € A, c1(Ls, hs) is equal to a fixed positive-definite translation-invariant
(1,1)-form w on A. As a trandation-invariant Kahler form on A, w is necessarily
flat. Then by Theorem 2, the curvature © of the L?-metric H on WW(L) with respect
to the Hermitian metric h on P ® p*L and the Kahler form w on A is given as
in (1.2.2). Let = € AYM(A) and ny, 7y € A%L(A) be asin (1.2.3). Then it follows
from the trandation-invariance of Q and (2.1.1) that n,,n, remain unchanged
under translations of u,v € TA induced by those of A. Thus by (1.2.3), = is aso
invariant under translations of A. Now with respect to any translation-invariant
Kahler metric on A, the contraction A= is also translation-invariant and is thus
equal to a constant ¢ on A. Then by (1.2.2), A©@ = ¢ - Idyy (), which implies H
is a Hermitian-Einstein metric on WW(L), which is unique up to a multiplicative
constant since Kempf [Ke2] proved the stability of WW(L) with respect to any
polarization on A. This finishes the proof of Theorem 4.
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