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The It6—Follmer calculus is a pathwise approach to Itd’s stochastic calculus. Follmer [1] proved that
a deterministic cadlag path satisfies the Itd formula if it has quadratic variation along a given sequence of
partitions. Follmer’s result enables one to construct the Itd type integral fOt f(X;-)dXs, which is defined as
the limit of non-anticipative Riemannian sums, for a nice function f and a path X that admits a quadratic
variation. We call this framework the [t6—Follmer calculus. Recently, the Ito—Fo6llmer calculus has seen
increasing developments, receiving much attention from the viewpoint of its financial applications. In
particular, it has been used to study financial trading strategies in a strictly pathwise manner.

In this talk, we consider the following differential equation in the framework of the It6—Fo6llmer calculus.

{dY, = AY,dr+dX,, 130,
ey
Yo =x.

Here, A: E — FE is some linear operator in a Banach space and X: Ryy — E is a cadlag path that
corresponds to noise term. This equation is interpreted as a strictly pathwise version of a linear stochastic
partial differential equation (SPDE) with additive noise. We aim to solve equation (1) explicitly in the
framework of the [t6—Fo6llmer calculus in Banach spaces, which was developed by the author [3, 2].

To describe our results, let us define quadratic variations of a Banach space valued path. Fix a sequence
(73)nen of partitions on R s such that |7,| — Oasn — oo. A Banach space valued cadlagpath X: Ryg — E

has tensor quadratic variation along () if there is a cadlag path [X, X]: Rsog — E®,E of finite variation
satisfying the following conditions:

(i) The sequence X}, sjex, (Xsar — X, 7)®? converges to [X, X, forall 7 > 0.
(ii) The equation A[X, X], = AX®? holds for all > 0.

Here, E®,E denotes the projective tensor product of the Banach space E. Moreover, we say that X has
scalar quadratic variation along (71,,) if there is an increasing cadlag path Q(X): Rso — Ry¢ such that

(i) the sequence 2, sjenm, [ Xsnr — X, at]1? converges to Q(X), for all > 0, and
(ii) the equation AQ(X); = ||AX;||*> holds for all # > 0.

The first main result is an extension of the [to—Follmer formula of [3]. Given two Banach spaces E and
F, let £(E, F) denote the space of all bounded linear operators. We define a family of seminorms (pg)
index by the compact subsets of E as

pk (A) =inf{C > 0| ||Ax|| < C||x|| for all x € K}.

We use the symbol .%;ip(E , F) for space £ (E, F) with the topology induce by (pg). Then, our extended
[t6—Follmer formula is stated as follows.

Theorem 1. Let f: R>o X E — F be a continuous function satisfying the following conditions:

*Graduate School of Engineering Science, Osaka University



(i) The function [0,00[ 3t — f(t,x) € F is differentiable for all x € E and 0, f (t, x) is jointly continuous
on [0,00[ X E.

(ii) The map x — f(t,x) is twice Fréchet differentiable for all t € [0, co[ and derivatives Oy f: Rso X E —
.%IIEIP(E, F) and 32f: Rso X E — ‘%Iﬁlp(EénE, F) are continuous.

If X has tensor and scalar quadratic variations along (1), then

@ F0X) =00 = [ ofxos e [ oufexoixos s [t xoaxx;
+ 0 AAF(5,X,) = Ouf (s, X )AX,

O<s<t
where the second integral on the right hand side of (2) is defined as the Ito—Follmer integral.

As an application of Theorem 1, we can solve equation (1) explicitly by means of the [t6—Follmer integral.
This result is interpreted as a pathwise version of the variation of constant formula for a linear SPDE with
additive noise.

Theorem 2. Let A: E — E be the generator of a Cy-semigroup (Tt);>o and X a cadlag path in Dom A
starting at 0. We suppose that X has tensor and scalar quadratic variations along (r,). Then there is a
unique cadlag path Y satisfying

t
3) Y,:x+A/ Yids + X, t>0
0
for every initial value x € E. The solution Y is represented as

) Y, :T(t)x+/t(T(t—s),dXs), t>0
0

where the second term is defined as the Ito—Follmer integral. Moreover, if x € Dom A, the path of (4) is a
classical solution to (3).

Finally, we use Theorem 2 to construct a Heath—Jarrow—Morton model of bond markets in a strictly
pathwise manner. In the HIM model, forward rate dynamic is supposed to satisfy the equation

0
dif(1,6) = (a_g-‘f(t’ £) +C¥(t,§)) dr + o (2,£)dX;.

With an appropriate setting of Hilbert space and a certain assumption on volatility o-, we can construct the
forward rate function f in the framework of the It6—Follmer calculus.
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