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1 Introduction

We consider Markov chains on the lattice Z% or on a subset, which have
site dependent transition probabilities. We denote by P a set of probability
distributions on Z¢. We assume that P contains only probabilities on a fixed
finite subset & C Z<, for instance £ := {e € Z% : |e| = 1}. If m is the number
points in £, e.g. m = 2d in the example we gave, then P can be regarded as a
subset of R™, and of course, we will assume that it is Borel measurable. The

set of Borel subset of P is denoted by Bp. A field of transition probabilities

is described as an element w € Q % P W= (Wz)geza- §is equipped with

the product o-field F := B%Zd. Then, the transition probabilities p,,, which
depend on w € Q, of our “random walk in random environment” (RWRE
for short) are given by

ol +1) L w,(y). (1.1)

We write P, ,, for the law of a Markov chain with these transition probabil-
ities, starting in . The chain itself is denoted by Xg = x, X1, Xa, -+ . We
write ' for the set of paths in Z%, equipped with the appropriate o-field G.
The reader will easily check that P defines a Markovian kernel from Z% x Q
to I, i.e., for any G € G, the mapping (z,w) — P, (G) is a measurable
mapping.

One should remark that to call this a “random walk” is a kind of mis-
nomer, as random walks are usually understood to have transition proba-
bilities which are homogeneous in the space Z¢, which is not necessarily the
case here. However, in the context of random environments, which we are
just going to introduce, the name is firmly established.

The element w € € is the “environment” for this Markov chain, and we
will choose it now randomly. This means that we fix a probability measure P
on (Q,F). A special case is when we take the w, as i.i.d. random variables,
i.e. when P is a product measure uZd, 1 being a probability distribution on
(Pa BP) .

The semi-direct product on €2 x I' is denoted by P, i.e.

P (AxB) ¥ /A Pyo(B)P(dw).

Often, one is only interested in the marginal law on I, for which by a slight
abuse of nation, we the same symbol P,. It has become common to call this
the annealed law, although this is kind of a misnomer, and one just better
call it the averaged law. In contrast, P, is called the quenched law. If
x = 0, we usually leave out z in the notation. One should note that the
sequence (X)) is not a Markov chain under the averaged law P.

An annealed property of the (X,,) is a property this sequence has under

the law P. In contrast, one speaks of a quenched property if for P-a.a.



w, the property holds under P, . For a law of large numbers, there is no
difference: If X, /n — v € R? holds P-a.s. then this holds Py -a.s. for
P-a.a. w. However, for convergence in law, e.g. for a CLT, there is a big
difference.

Remark 1 Although we essentially concentrate on the above model where
the transitions are given by (1.1), one should mention that there is another
one, which is simpler in many respects due to reversibility. This is the model
of random currents. In that model, the bonds are given random weights,
which can be considered as a kind of random current which will be a mea-
sure how “easy” this bond can be crossed. To define the model formally,
denote by BY, the set of nearest neighbor bonds (undirected) in 74 Consider
furthermore a law p on the positive real line, and then the product measure
on (RT)E'. This measure is again denoted by P. For w € (RT)®', b € BY,

we write &(w) def wyp. The transition probabilities of the RWRE are defined
in the following way. If x € Z%, denote by n, the set of bonds where on of
the endpoints equal to x. If y is a nearest neighbor of x, then we define

dof  Efay} (W)
pw(fE,y) - EbEnI gb(w)‘

In other words, for fired random environment w, the random walk, being
at a time point in x, jumps to the nearest meighbor point y with relative
weight &gy (w). In this case, py(z,-) and p,(z',-) are not independent if
|x — 2’| = 1. The main advantage of this model is that the above transition
probabilities satisfy the detailed balance equation

Vo (2)P (T, ¥) = v (Y)Pu(y, ), Y2,y

where ot
vo(z) € ) &(w).
bEN,

The reader can easily check that the transition probabilities given by (1.1)
do not satisfy this detailed balance condition, in general.

2 One-dimensional nearest neighbor case

In this section, we consider the strictly one-dimensional nearest neighbor
case. We will write an environment w by w, = (pz, ¢z). ps is the probability
to move from = to x + 1 and ¢, is the probability to move from = to x — 1.
Therefore ¢, = 1 — p, and the environment is described by the sequence
(Pz)yez- The following theorem is the main result of this section. It is a
well-known result of Solomon [17].



Theorem 2 Assume that the sequence {wy} = {(Pz,qz)} ez 5 stationary
and ergodic under P and E|log p,|, E|logg,| < co. Define

AT Elog Uz

x

Then
a) A\t >0 < lim, 0 X, = —00, Py almost surely.
b) A\t <0< limy, 00 X, = 00, ﬁo almost surely.

¢) At =0« limsup,_ .. X, = oo, and liminf,,_,o X,, = —c0, Py almost
surely.
In particular, \* = 0 holds if and only if the RWRE is recurrent.

Remark 3 The one-dimensional nearest neighbor RWRE is well studied
and much more refined results are known. For instance, the following results
are well-known:

a) Under the assumption A\ < 0, we have E;’)—j <1l<& limy,_o % >0

By almost surely.

X
b) If \T < 0 and Eq—x > 1, then lim, oo —* = 0 although by Theorem
P n

xr
b), one has lim,_, . X, = o0

¢) In the strictly one-dimensional i.i.d. nearest-neighbor case with \™ =
Elog (gz/pz) = 0, the displacement of the RWRE after time n is only

of order (logn)?. (not /n)

a) (and consequently b)) were proved by Solomon, too. c) is a result by
Sinai [16].

We give a proof of Theorem 2 which can easily be adapted to the more
complicated situation discussed later. We first introduce the exit distri-
bution from the interval [a,b] := {a,a+1,...,0—1,b}, (a,b € Z,a < b).
Define the (random) function hy (), € [a, b],

ha,b,w(x) = Px,w(Tb < Ta)a (2'1)

where T), = inf{n > 0 : X,, = y} is the first hitting time of y. This quantity
will play a crucial role in the proof. By the Markov property of {X,,} under
P, ., we obtain for a <z < b

ha,b,w(x) = pxha,b,w ($ + 1) + q:rha,b,w (1' - 1)7 (22)

and the boundary conditions h (b) = 1, h (a) = 0. In order not to overburden
the notation, we often drop the index w, but the reader should keep in mind
that these are random functions.



If a < z, we define

Soa(x> = htl,l"—O—l(x) = Px,w(Tm—H < Ta)- (2-3)

For fixed x, this is a non-decreasing random sequence as a function of a, and
we therefore have

n(z) = lm ¢q(r) = Ppw(Thy1 < 00) € [0,1].

a——00

For a < x, the strong Markov property implies the equation

$a(T) = Pz + @zpa (x — 1) a (), (2.4)

and letting a — —o0

n (.%') =Dz + Q27 (iL' - 1) n (iL‘) . (2'5)

For each x € Z, define A, := ¢,/p,. Since we assumed that E|logp,|,
E|log q.| < oo, A, is well-defined for P-a.s. w. By the ergodic theorem and
the assumed ergodicity of the environment

1 1 <&
lim ~log Ay -+ A; =— » log A; — Elog L = )+,
nizl

n—o0 M b1

almost surely. Now we will prove a dichotomy. The following lemma follows
easily from ergodicity and stationarity

Lemma 4 FEither P (n(x) < 1) =1 holds for allz € Z or P(n(z) =1) =1
holds for all x € Z.

Proof. Let B, = {n(x) < 1}. From (2.5) and n(x — 1) < 1, we obtain

ﬁ(x) S Pz + Q:vn(x - 1)'

Therefore, n (z — 1) < 1 implies n(x) < 1, that is By—1 C By holds for all
x € Z. On the other hand, by stationarity, P(B,) = P(B;_1). Putting these
together, we see that B, \ B;—1 has P-measure 0, that is, up to a P-nullset,
the event B, is invariant under shifts. Therefore, by ergodicity, P(B,) = 1
is true for all z or P(B;) = 0 holds for all z. This finishes the proof of the
lemma. =

Let A, = Elogn(0). Remark first that pg <7 (0) <1, and as we assume
E |log po| < oo, we have that logn (0) is integrable and A, is well-defined in
(—00,0]. Ay = 0 is equivalent with 7 (0) = 1 P-a.s., which by Lemma 4 is
equivalent with P (n(z) = 1, Vx) = 1. Applying again the ergodic theorem,
we also have the relation

1 k=1 /-
Ay = klggo Z log IT;Z4m(j), P-as. (2.6)



Lemma 5 a) A\, = 0 holds if and only if for any starting point x € Z,
limsup,, . Xn = 00 Py-a.s., i.e. Py, (limsup, . X, =o0) =1 for
P almost all w.

b) Ay < 0 holds if and only if for any starting point x € Z, limy, 00 X, =
—o00 Py-a.s.

Proof. Assume that \, = 0. From Lemma 4, we have P (n (y) = 1, Vy) = 1.
Ifn(z),n(x+1),...areall 1, then from the Markov property, one sees that
for any z > x, z € Z, one has

P, (T, < c0)=1.

Therefore
Py, (T, <oo, Vz>uz) =1,

that is

P o (lim sup X,, = oo) = 1.
n—oo
So, we have proved that this holds true for P-almost all w, i.e. we have
proved a)
Assume that A\, < 0. For the sake of notational simplicity, we assume
that the starting point x is 0. We use (2.6). As A, < 0, we have A\, < \,/2 <

0. Therefore, for P-almost all w, there exists N(w) € N such that

1

A
A log Ij g (j) < 5 i k2 Nw).

We emphasize here the fact that the n are random, i.e. depend on w. The
product H?;énw (7) is by the Markov property simply Py, (T} < co) and we
therefore conclude that

Py (T, < 00) < exp [kA,/2]

for k > N(w). Since we assumed A, < 0 we have )", Py (T} < 00) < o0,
and using the Borel-Cantelli Lemma, we conclude

Poo(Ty, < 00, i.0.) = 0.

This implies that
Py, (sup, X, < o0) =1

and we have proved that this holds for P almost all w.

We now argue that this implies that lim,, ., X;, = —oo. For P almost
surely, all p,,q, are positive. The Markov chain is therefore irreducible.
If sup,, X;, < oo, the chain is therefore transient and visits every point
only finitely often. This however implies, together with sup,, X,, < oo, that
lim,, oo X, = —00. W



Remark 6 a) The above lemma sets up a dichotomy: Either one has

limsup X,, = oo, P-a.s.
n—oo

(irrelevant of the starting point) or

lim X,, = —o0, P-a.s.
n—oo

This also means that zfp (limy, 00 X, = —00) > 0, then this probabil-
ity 15 1.

b) As the whole concept of a RWRE is invariant under a reflection of Z,
just by exchanging p; with q—; and q, with p_,, there is also the similar
statement: Fither one has limsup,,_,., Xn, = —00 P-a.s. (irrelevant
of the starting point) or lim, o X, = 00 P-a.s.

Proof of Theorem 2. Let A,(z) := 1 — p4(x). Recall the equation (2.4)
and perform a few elementary computations:

$a(T) = Pz + @zpa (T — 1) q ()
Pz = a(T) — qupa (x — 1) @q ()
Pz — px‘pa(l‘) = qusoa(x) — 4z¥a (1‘ - 1) Pa (I)

1—%(9:)=j,—x[1—soa<m—1>]soa<x>.

T

Which with the abbreviation A, := g, /p, reads as
Ag(2) = AzAo(2 — 1)pa(z).
Iterating this equality for a <y < = gives us
Aa(r) = ApAp—1 -+ Ay1Ba(¥)Pa(y + Dpaly +2) -+ alz).  (2.7)
We can also let @ — —oo in this relation (with y < = fixed), and get
(1 =n(2) = AeAe-r--- Ayra L =n(y)) 0y + Dy +2)---n(x).  (2.8)

We first prove the direction = in a) and b) of Theorem 2 and in fact
first in case b). Assume that A™ < 0. Applying (2.7) to y = a, we obtain

Aa(x) <A A1 'Aa+1-

Using the assumption AT = EA, < 0, we obtain from the ergodic theorem
in the exactly the same way as in the proof of Lemma 5 that for any fixed
a, Ag(x) is P-a.s. exponentially decaying in = for x — oo. This means that
for P-almost all w, there exist N (w,a) € N and ¢ > 0 such that

Px,w(TJ:-‘rl > Ta) < exp [_5 (37 - a’)]



for x > a+ N (w, a) . In particular, by enlarging N (w, a) if necessary, we get

- 1
Z P:L’,w(TJ:+1 > Ta) < 5
z=a+N(w,a)

Using the (strong) Markov property, we conclude that if the Markov chain
starts at b := a+ N (w, a), the probability it never reaches a is at least 1/2.
Therefore
Pyo, ( lim X, = oo) >1/2.
n—oo

Hence, from Lemma 5, in the form of Remark 6 b), we can conclude that
P(limy, 00 X, = 00) = 1.
To prove = in a), we use the reflection to which we alluded in Remark
6 b): Define p; := q_z, ¢z := p—z. Then AT = =\ where of course
A= Elog &
Pz
So AT > 0 is equivalent with A< 0, and so we can apply what we have al-
ready proved to the reflected situation which proves A* > 0 = lim,, _so0 X, =
—o0 almost surely.

We next prove the directions < in a) and b). By the same reflection
argument as just explained, it suffices to cope with one case, and we take
a). Therefore, we assume that lim,,_,o, X,, = —00, a.s.. Then, from Lemma
4 and Lemma 5, we have P-a.s. Vx, 0 < n(z) < 1, and A\, < 0. From the
equality (2.8) with y = 0 < x, we have

1—n(z) = ApgAg—1--- A1 (1 = n(0))n(1) - - - n(x).
Taking a logarithm in this equality,

1 1 o 1 o L1
—log(1—n(x)) = — D log Aj + - D “logn(h) + —log (1. —n(0)).
=1 i=1

Letting now z — o0, the left hand side and the third summand on the right
hand side converge to 0, and we obtain

AN, =0,

which, because of A, < 0 implies A* > 0.

It remains ¢) which however is a consequence of a) and b) and Remark 6:
According to a) and b), AT = 0 is equivalent with that neither lim,,_o, X;,, =
00 p—a.s., nor lim,, ,., X,, = —00 P-as. By Remark 6 this is equivalent with
that limsup,, .., X5, = oo, and liminf, . X,, = —o0, P almost surely. m

Remark 7 The standard proofs of Solomon’s theorem use the fact that the
difference equation (2.2) has an explicit solution which can be analyzed quite
easily. The proof above has advantage that it can be generalized to situation
where such an explicit solution is no longer possible.



3 Quasi-one-dimensional RWRE

3.1 Statement of the result

A precise discussion of the a RWRE on Z with finite range jumps, not just
nearest neighbor ones, is considerably more delicate. In that case w,, x € Z,
are random variables taking values in the set of probability measures on
{=R, -, R}, where R is some fixed natural number. w,(y) is then the
probability with which the RWRE (under the quenched law) jumps from z
to © + y, i.e. one has for fixed w = {w,} the law P, , of a Markov chain

{Xan},>0 satisfying

Poo(Xo=2)=1
Pz,w (Xn-H =+ y‘Xn = x) = Wy (y) .

A quantity of crucial importance is the (random) function hy (), a < b,

r €,

def
ha7b(x) = Px,w(T[b,oo) < T(—oo,a])?

where T4 denotes the first entrance time into the set A. Clearly this function
satisfies for a < x < b

ha,b(x) = Z ww(y)ha,b(m + ),

ly|I<R

and boundary conditions h = 1 on [b,00), h = 0 on (—00,a]. Evidently, if
wgz (R) > 0, one can express h (z + R) through h(z + R —1),...,h(x — R)
which leads to following matrix expression for the vectors

h(x + R)
hp (2) =
hr —R+1)

_wz(R—l) 1—w;(0) _wz(—R)
oo (F) o (R) NE)
1 0 0

hp (z) = 0 : hp(z—1).

0 1 0

One is then naturally led to the investigation of the products of the above
random matrices. A difficulty is to match the boundary conditions. This is
the approach of Key [12] who generalized the Solomon’s result to the non-
nearest-neighbor case. The recurrence and transience are then expressed in



terms of the middle Lyapunov-exponent of the products of the above random
matrices. The approach has recently been taken up by Julien Bfemont [5],
[6].

We introduce a somewhat different approach in a slightly more general
setup which has the advantage that the arguments of the previous section
can be modified. This approach was developed in [2].

We now consider a RWRE in a strip of which m : STy, := Zx{1,--- ,m}.
We call the subset {k} x {1,---,m} the k-th layer, and write sometimes as
LAY (k) for it. Transitions in one step are possible from LAY (k) to LAY (k+
1) and to LAY (k — 1), but also inside LAY (k). The transitions probabilities
are therefore described by a sequence of triplets w = ((Pg, Qk, Ri))rez of
positive m x m-matrices, where P} describes the transition probabilities
from LAY (k) to LAY (k + 1), Q from LAY (k) to LAY (k — 1), and Ry, the
transitions inside LAY (k). Given an environment w = ((Pg, Qk, Rk))kez,
we consider a Markov chain X,, = (Y,,,Z,) € ST,,, n > 0, where Y,, is the
component in Z and Z,, is the component in {1,...,m} . This Markov chain
has the following transition probabilities:

Praiyw(Xo = (7,7)) =1,
P(Xpi1 = (z+1,7)| Xy = (z,9) = Pu(4, ),
P(Xny1 = (2 = 1,))|Xn = (2,1) = Qu(1, ),
P(Xny1 = (2,5)|Xn = (2,9) = R (i,

Of course, we have the assumption that P, + Q.+ R, is a stochastic matrix.
In this way, the law of the Markov chain on ST, is uniquely defined after
fixing the starting point (z,i) € ST, .

Remark 8 It is clear that a RWRE on Z with jumps of mazimal size R can
be described in the above setup, simply by chopping Z into pieces

oo {-R+1,...,00,{1,....,R},{R+1,...,2R},...

and declaring these pieces to be the layers. Due to the restrictions of the
size of the jumps, in the layered situation only jumps to the nearest neighbor
layers are possible.

We use the matrix norm

Al = max Y |A(, 7)1,
J

and on R™, we will use the supremums norm ||z|| := max; |z;|.
Condition 9 Our basic assumptions for the main theorem are

(C1) The sequence (Py, Qqu, Ry)zecz is stationary and ergodic.



(C2) Forallj € {1,--- ,m}, and allx € Z, Y, Px(i,7) and Y, Qu(i,j) are
strictly positive P-almost surely.

(C3)

Elog (1 — ||Ro + POH)_1 < 00,
Elog (1 — ||Ro + Qo) ™" < .

In order to simplify somewhat the presentation, we use below a stronger
assumption than (C2), namely

(C2') Py (i,7),Qq (i,5) > 0 P-almost surely, for all x € Z, i,5 € {1,...,m}.

This is not necessary but simplifies irreducibility considerations.
Three sequences of matrices: Crucial in our approach is the construction
of three sequences of (random) m x m-matrices ¢, ¥, and A,, z € Z, which
will now be introduced. ¢, , will be similarly defined as in (2.3) with the
additional information about the transition probabilities for the elements
within the layers: If a < x and 4,5 € {1,...,m} we define

We define T, to be the first entrance time of the Markov chain into
LAY (z), x € Z. Then

Pa,x (i,7) == P(a:,i),w (Terl < T, ZTz+1 = ]) .

This is not a stochastic matrix, but it is a positive substochastic one:
> %aw (1,7) < 1. ¢y (i,7) is the probability that the Markov chain, when
starting in (z, ) enters the LAY (x 4+ 1) at j before reaching LAY (a) . Evi-
dently

Z Pa,x (Zu?) - P(x,i),w (Tz—l-l < Ta) .
J

Due to (C2’), this is strictly smaller than 1. By the Markov property, one
has the matrix identities

Pa,x = P, + Rw@a,x + Qx@a,x—l@a,x (31)
from which we can compute ¢, ; in terms of @, »—1:
—1
Pa,x = (I - R, — Qm@a,xfl) Py.

Here I is the m x m identity matrix. Remark that the right hand side is
well defined as we had assumed that

||Rx + Qaz@a,a:—l” S HRz + QJTH <1

almost surely. The boundary condition for ¢, ; is @q,q = 0.

10



We next introduce the matrices 1, which satisfy the same recursion
relation (3.1), but {¢} and {p,} have a different boundary condition at
LAY (a). 9, is always a stochastic matrix.

Given a € Z, x > a and a stochastic matrix p = (p(4,J))i<ij<m, We
define 9, = Q;Z)a,p,I by

@ba,p,x(i,j) = ﬁ(m,i),w(ZTerl = ])’

where ﬁ(x,i),w is the distribution of the Markov chain on [a, 00) x {1,...,m}
which has the above defined transition probabilities, except on LAY (a)
where we have a reflection to the right with the matrix p, i.e. on this layer,
we replace (P, Qa, Ra) by (p,0,0). It is evident that 1), , . is a stochastic
matrix, as the chain, when starting on LAY (z) has eventually to leave the
finite set [a,x] x {1,...,m}, and due to the reflection at LAY (a) it cannot
do so on the left side. By the Markov property, we have the equations

wa,p,r =P+ Rz@ba,p,z + Qx¢a,p,x—1¢a,p,xa (3‘2)
wa,p,:c = (I - Rw - Qmwa,p,m—l)ilpma

for z > a, which are the same as for the ¢, ;, but now we have the different
boundary condition ¢, . = p.

Proposition 10  a) P-a.s., there exists a sequence {yz} ., of (random)
stochastic matrices such that lim,—, o sup, |Ya,pe — Yzl| = 0 P-a.s.

b) The sequence {Y},cz 5 the unique sequence of stochastic matrices
satisfying the equation y, = (I — Quyp—1 — Rm)*le.

c) The sequence {( Pz, Qz, Re,Ye)}yey i5 stationary and ergodic.

Sketch of proof. We don’t give a full proof which can be found in [2],
Theorem 1, but we give an explanation what probabilistically is behind this
result.

One has to distinguish two cases. The simple one is the case where
Plaiyw (Tr41 < 00) = 1 P-a.s. It is not difficult to see from our assumptions
that if this is true for one (x,7), then it is true for all others. In this case,
the ¢, are stochastic matrices, and it is evident that

wa,p,x — Pz

as a — —oo, uniformly in p. This simply comes from the fact that the
chain, starting in (x,7) visits LAY (a) only with very small probability when
a << x.

The more delicate case is when P, ;) (Tz4+1 < o0) < 1 with positive
P-probability, which actually implies by ergodicity, that it is true with P-
probability 1. In that case, there is a non-vanishing P, ;) ,,-probability that

11



the chain reaches LAY (a) with ¢ < z, even in a — —oo limit. This prob-
ability of course depends on w. Under ]S(x,i)w the chain is however now
reflected to the right at LAY (a) where the law of the reflection is given by
p. Due to this reflection, eventually, the chain reaches LAY (z + 1), but it is
at first sight not completely clear why the first entrance distribution should
not depend on p. Actually, it does, but with less and less dependence the
smaller a is. The chain, when starting in LAY (a) has a high chance to
return to LAY (a) before reaching LAY (z + 1) when a < x. Typically, the
probability is exponentially close to 1, exponentially in x — a. Therefore, it
needs an exponential number of “trials” to escape from LAY (a) and reach
LAY (z + 1), but for fixed a, the probability is 1 that this finally (after a long
time) happens. This successful “escape” from LAY (a) has to go through
the strip on a the distance x + 1 — a, and due to the mixing properties of
the transition probabilities, the influence of p gets lost for a < .

It is possible to describe the excursion from LAY (a) to LAY (z + 1)
probabilistically rather precisely. A complication is coming from the fact
that in the RWRE case, the transitions, described by (Py, Qy, R,) vary from
layer to layer a <y < a + 1.

For the formal proof, which is a bit tricky, see [2]. m

Using the matrices 1 and y, we define the matrices A,, ., a < z, and
B, in the following way:

Ap,a,x = (I - R, — szp,a,z—l)_lQma
B, = (I - Ry — szxfl)_le-

It should be remarked that in the classical m = 1 case discussed in the pre-
vious chapter, one evidently has v, > = y, = 1 for all z, a, p and therefore

A, =B, = 3= in agreement with the setting there.
T
By Proposition 10 c¢), The sequence {B,} is a stationary and ergodic
sequence of non-negative random matrices. By Kingman’s subadditive er-

godic theorem (see [13], [9]) the following Lyapunov number exists, and is
non-random

1
AT = lim —log||[BvBy_1---B 3.3
i og | BNBn-1 1l (3.3)

One should remark that in the m = 1 case, this is exactly what we had
in the last chapter: \* = Elog (q./ps)-

The following theorem describes the recurrence-transience behavior of
the RWRE in terms of AT. It is an extension of the Solomon’s Theorem.

Theorem 11 Under the assumptions 9, the following hold.

a) A\t >0 & lim, o Yy, = —c0 almost surely.

b) AT <0 limy, 00 Yy, = 00 almost surely.
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¢) At =0 & limsup, Y, = oo and liminf,, ,» Y, = —oco &the
RWRE is recurrent.

Remark 12 The theory of RWRE’s in the quasi one-dimensional case has
been developed considerably in the past years. First, the Sinai type behavior
of Remark 3 has been proved in [4]. Then, also results similar to 8 a) and
b) have been proved in [8].

3.2 Proof of Theorem 11

The proof of the theorem runs parallel to the one for m = 1, given Propo-
sition 10. There is however one part of the argument which is considerably
more complicated for general m, namely the symmetry under reflection with
regards to the Z-component of the strip. We explain this first.

For « < b set

Py (0,5) = Py (To1 < Ty, Z1,_, =j).
The matrices with a reflection with a stochastic matrix p at b are defined by

U (1:3) = Py (Z1,, = j) (3.4)

where ]S(m-) has the same transition probabilities as before except at LAY (b)
where (Py, Qp, Rp) is replace by (0, p,0) . Furthermore

-y —
Yp = Mm ¢y (0, ])

These quantities satisfy similar equations as the original ones, for instance

for x < b. We again define

Ay == Ry—Put, 1) ' P,
B; == (I = R, — Pyy;,,) ' Py,
and then )
AT = ]\}gﬂoo N log ||B:NB:N+1 - BT
Lemma 13

AT+ =0.

The proof of this lemma will be given in Subsection 3.3.
Similarly to the 7, of Section 2, we define the 7, here as matrices:

Nz (Z’]) = a},ifnoo Pa,x (7’7.]) = P(:p,z) (Tx—i-l < 00, ZTx.H = ])

13



Here, the convergence is trivial as the ¢, (7,7) are monotone increasing if
a decreases. The 7, are also sub stochastic. By the Markov property, they
satisfy the equation

Nz = P, + R:c'r]x + Qxﬁx—lnx-

The following two lemmas are similar to the case m = 1. First the
analogue to Lemma 4:

Lemma 14 Under the Condition 9, one has the following alternative

(i) Either for all x € Z, one has 1, -1 = 1 P-a.s. (meaning that the
Ne are all stochastic matrices), where 1 denotes the vector with all
components equal to 1.

(it) or 3 ;nx(i,j) <1 holds for all (z,i) P-a.s.

The proof of the Lemma is very similar to the proof of Lemma 4, and we
leave it to the reader to fill in the details, or go to [2] Lemma 5 and Corollary
2. Kingman'’s subadditivity theorem and ergodicity gives the existence (and
finiteness) of the Lyapunov exponent

.1
Ap = lim —log|lni---nn| <O0.
n—oo n

Lemma 15 Case (i) in Lemma 14 is equivalent to Ay = 0 in which case one
has limsup,,_,., Y, = 00, P, 3-a.s. for all (z,i) € STy,. (i) is equivalent

to Ay < 0 which implies limy, 00 Yy, = —00, Py ;) —a.s. for all (z,i) € STy, .

Remember that ]5(”») was the annealed law. P(x’i)—a.s. just means
Pz4)w-a.s. for P almost all w.

The proof of the above lemma is again very similar to the proof of
Lemma 5, and so we leave the small necessary modifications to the reader.
Proof of Theorem 11. By Lemma 13, a) is equivalent to b). As in the
m = 1 case, it is convenient to prove the implication = in case b) and the
reverse implication in case a). Given Lemma 13, this proves a) and b) fully.

We start by introducing notations. For each a,z, a < z, define A, , :=
Yo — Paz- 1t is easy to see that the A, , are non-negative matrices: y,
and g, both satisfy the same recursion relations (3.1), but the boundary
condition at LAY (a) is 0 for ¢ and the non-negative matrix y, for y. From
that, it follows by induction on x that y, (4, j) > @a.. (¢,7) forallz > a, i,j €
{1,...,m}. (Actually, under Condition (C2’), ys (7,j) > ¢ (i,7)). From
the definitions of matrices, one sees, using the matrix identity A= — B~! =
A=Y (B — A)B7!, that

Ago=[I = Ry = Quya—1) " — (I — Ra — Quan—1)""1Ps
= (I — Ry — Qxyx—l)ile(yoc—l - Soa,:c—l)(l - R, — Qx@aﬂc—l)ilpx
= BJ:Aa,x—NOa,w-
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Inductively, we obtain, for ¢ < u < z,

Aaﬂ: =B Bu+1Aa,u90a,u+1 o Payx-

We also consider the @ — —oo limit of the above relations. Remember
that 7, = limg—,_ o Ya .. We define A, := y, — 1, which satisfies

Az = Bz T Bu—i—lAunu-i-l s Ny

Now assume that AT < 0. Fixing a € Z we then have that || B, - - - Bat1]|
decays P-almost surely exponentially fast if + — oo, and so, with € :=
—A1/2 > 0, we find for almost all w, a natural number N(w,a) > z such
that

[Agz| <e™@=9) &> N(w,a).

Fora<x<b

P(x,i) (Tos1 <To) = (‘Pa,xl) (1) = ((y« — Aa@‘) 1) (i) >1— HAa,zH
>1— efs(xfa)

the last inequality for x > N (w,a). Arguing now in exactly the same way
as for m = 1, one concludes first that ]3((1’@-) (limy—y00 Yy, = 00) > 0, and then
it has to be 1.

We now deal the reverse implication in a). Assume that lim, , Y, =
—00. Again from Lemma 15, we conclude that for all x € Z, 1,1 < 1 P-a.s.

A~

Because of 1,1 < 1, {Ax} is a stationary ergodic sequence of strictly sub-

stochastic matrices. Therefore, using (C3), one has

1 )
lim —log HAJ;

r—00 I

1 )
= lim —logHAOH =0

T—00 I

almost surely. Therefore,
.1 o1
lim —log||By--- Bi|| + lim —log||ni---nz|| = 0.

Hence AT = —\,, > 0, which finishes the proof of a), b) of Theorem 11.

The first implication in c¢) follows from a), b) and Lemma 15 in the
same way as in the m = 1 case. The statement about recurrence and
transience needs a slight additional argument which we only sketch: If
limsup,, ., ¥Yn = oo and liminf,, , Y, = —oo then the Markov chain
has to pass through LAY (z) infinitely often, for every x. It then fol-
lows from elementary Markov chain theory (and (C2’)) that every point
(z,i) € ST,, is visited infinitely often, with probability 1. On the other
hand, if lim,_,~ Y,, = oo or lim,, ., Y;, = —o0, then the Markov chain can
visit points only finitely often. =

15



3.3 Proof of Lemma 13

The proof of AT + A~ = 0 is not completely trivial (for m > 1). It depends
on the existence of a unique invariant measure (73)zez, Tz = (72 (%)) 1<i<m.,
unique up to normalization which satisfies

Ty = 7T:E+1Q£E+1 + TRy + Ty 1 Prq.

We start by fixing a < b, a,b € Z and impose reflecting boundary conditions
on LAY (a) and LAY (b) by matrices p, and py, i.e. we replace (Py, Qq, Ry)
by (pa,0,0) and (P, Qp, Rp) by (0, py,0), where p, and p, stochastic ma-
trices. Since this modified Markov chain is defined on a finite set and is
irreducible, there exists a unique stationary measure (unique modulo mul-
tiplying by a constant). We denote this stationary measure by {7abx},c7
where 7, b2 = Tab,pa,p,e are strictly positive vectors in R™. By the irre-
ducibility assumptions (C2) and (C3) it is easily checked that the stationary
distribution is positive everywhere. For the moment, keep a, b, p,, pp fixed.
For notational simplicity, we just write 7, .., but the dependence on pg, py
should be kept in mind.

Usually, the stationary measure (on a finite set) is normalized to be
a probability measure, but for us, it is more convenient to normalize it
differently. We assume that a < 0 < b, an then we assume that

|1 Tap0ll = MAX 7q,b,0 (i) = 1. (3.6)
This defines {r,} a<z<p uniquely, given the above boundary conditions pq, pp
and the sequence {(Py,Qz, Ry)},cpcp- Uniqueness follows from the irre-

ducibility condition (C2’). It is important to remember, that m, of course
depends on w.

Lemma 16 Fora <z < b, one has
Tabax = Tabx+1%a,z
with

Qq.a = Qa—l—l
Qg o = Qerl(I - R, — Qm@ba,zfl)_la T > a.

(Remark that o’s depend also on p, but not on b and py).

Proof. We write v, ; for 14 p, » for notational simplicity which satisfies the
boundary condition g 4 = pq.

The relation 744 ¢ = Tapa+1Qa+1 is trivial. The other is a consequence
of simple computations. Notice that

Tabatl = TabaPa T 7Ta,b,a+1Ra+1 + 7Tzz,b,a+2Qa+2
= Ta,b,a+1 (Qa+1pa + Ra—i—l) + 7Ta,b,a+2Qa+2‘
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Since pq = V4,4, the above equality gives the result for x = a + 1.
Inductively, we have

Tabx = 7I-a,b,z—lpac—l + 71'a,b,m]%ac + 7Ta,b,at+1Qx+1
= 71'a,b,x(Oéa,czz—lpac—l + Rx) + Wa,b,m—}—lQa:—&—l'
Therefore
71—a,b,av(I - aa,$—1P:v—1 - Rax) = 7Ta,b,1+1Q:B+1~
From induction assumption, we have

Qag—1Pr—1 = Qu(I — Rym1 — Que1¥ap—2) " Poc1 = Qutbap—1,
where we have used the recursion relation (3.2). Hence,
Tabe = Tabat1Qei1(I — Qubaz—1 — Ry) ™t
This finishes the proof. m

Remark 17 Completely similarly, we obtain a representation in the other
direction: Fora <z <b

Taba = Tapz—10ba
with
By = Py
o= Pocr (I Re = Paty, 1) w<h,
where the 1~ were introduced in (3.4).
Lemma 18 The limits

0z = lim ozq=Qy1({ — Ry — erm_l)_l,

a——00

x = bliglo Bx,b =Py (I — Ry — szg;rl)

-1

exist and do not depend on the sequences {ps},{pp} for a = —oo and b —
00.

Proof. This follows from the convergence property of 1, ,—1 for a — —o0,
and w;mH’b forb - 00. =

We can now finish the proof of Lemma 13.

We argue that limg_, oo p—00 Tap,0 exists. We first remark that

Tab,0 = Tab1¥a,0 = Tab,053b,10a,0
= Tabn®,n—-1""""" Qg0

= 7TCL,b,O/Bb,l Tttt /Bb,n_l . aa7n_1 e aa70
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for a < 0 <mn < b. So, from the convergence of a4, 3, we obtain that any
possible limit 7y along subsequences of a and b satisfies

o = 77-061 e Bn—l Q1 - ap. (3.7)

Our assumptions 9 however imply that the matrices 81+« - Bn_1-Gn_1-- &
are P-almost surely irreducible non-negative matrices, and therefore 7 is
uniquely define and we have proved that

o = lim Ta,b,0-
a——00,b—00

Similarly, it follows that

Ty = lim Tabx
a——00,b—00

exists (and does not depend on the boundary conditions p,, pp chosen), and
(7z) ez is a stationary distribution for our Markov chain.

We can now prove AT + X7 = 0 by relating these Lyapunov exponents
to the {az}, {B:} sequences. )
From (3.7), and 7, = w1 - -+ - - Bn_1 we obtain
p a TN _ _
L= [lmoll = [lmofr - - - BNl s—ran—1- - aoll. (3:8)
7w

Define two exponents Az and Az by

.1 _ _ .1 _ _
Ag = lim —log|lan—1---aoll, Ag:= lim —log||By---fBnl.
n—oo nn n—oo n

Then (3.8) implies that
Aa + )\B =0.

On the other hand,

An—1- a0 = Qu(I — Rp—1 — Qn-1Yn-1)""Qn-1--- (I — Ry — Qoy—1) "
= QuBp_1-Bi(I — Ry — Qoy—1)"".

Therefore, taking the limit as n — oo in the above equation gives us Az =
AT. Analogously, we can conclude that Az = A\~. Hence AT + A~ = 0, which
completes the proof of Lemma 13.
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4 Exit distributions of RWRE on Z¢ for d > 3

Throughout this section, we always assume the following.

Condition 19 The law p of a random environment wy (see Section 1) sat-
isfies:

1. u(Pe) =1 holds for some € € (0,1/(2d)), where
Pe:={qeP:lqle) —1/(2d)| < € for all e € E}.

2. For any orthogonal mapping O, leaving the lattice Z¢ invariant, the
laws of (wp(O(e)))ece and (wo(e))ece coincide.

The aim of this section is to review the method developed in [1] and [3]
to prove that, in dimension d > 3, the exit distributions of the RWRE on
large balls (or more general sets) is close to the one of the ordinary random
walk (ORW for short) on Z<, if the above condition is satisfied, for small
enough €.

To begin with, let us introduce some notations. For z,y € Z¢ set
I(z,y) = 1if x = y, and I(z,y) = 0 otherwise. A function F : Z¢ x Z¢ — R,
is also called a kernel. We will always assume that for any = € Z% the set
{y €74 F(x,y) # 0} is finite. For two kernels I, G, we write F'G for the
(matrix) product

FG(z,y) = Z F(z,2)G(z,y),
2€74
which evidently is a kernel with the above finiteness property. For a given F)
we define the powers F* in the usual way, also be setting F°(x,y) := I(z,y).

We write ||||;, for the total variation norm. For a finite subset V' of
Z%, denote the exit distributions from V for the RWRE by Il (z,y), i.e.,
Iy, (z,y) := P3(X;, =y) where 7y is the exit time for the RWRE from V.
Similarly, 7y (z,y) is the exit distribution from V' for the ORW. Moreover,
for L€ R and = € Z¢, let V, := {v € Z% |v| < L} and Vi (z) ==z + VL.

The main objective of this section is to review the following theorem.

Theorem 20 Assume d > 3 and Condition 19. There exists ¢g > 0, de-
pending only on the dimension such that for € € (0, €], the following state-
ment is true: Consider an arbitrary smooth probability density ¢ : R? — Rt
of support in the unit ball. Then, for any t > 1 define a discrete smoothing
kernel by (« v
ey —=z)/t d

PN = ey T
which is well defined, at least for large enough t. For any function A of L
with A(L) /oo as L — oo, we have

P (Lh_r)%o H(HVL - 7rVL)SD)\(L)(O7 ')Htv - 0) =1 (4.1)
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Remark 21 In the proof, we work mainly with the following very special
smoothing kernel 7y instead of ¢ which is defined by

2
7c‘—t(x?y) = /1' th(x)(x7y>¢(€) de,

where ¢ : R — RT is a smooth probability density with support on [1,2]. This
choice is important for performing the induction explained below. In the end,
with a simple additional argument, one can show the main result (4.1) for
an arbitrary smoothing kernel. We will leave out the technical details of the
proof of this claim.

Remark 22 It is fairly obvious that ||(Il, — 71)(0,-)|,, cannot go to 0.
This is coming from the disorder close to the boundary which certainly has
a non-vanishing effect on the total variation norm. However, it turns out
that this effect of the disorder close to the boundary is very local, and is
smeared out by a smoothing whose scale is increasing at an arbitrary small
rate X\ (L) . We give some more discussion about that later.

There are only a few results on RWREs which satisfy conditions of the
type above. The first one is a celebrated paper by Brimont and Kupiainen
[7] which proved, under similar conditions, that the RWRE is diffusive for
d > 3. For similar processes in continuous space and time, diffusivity has
been proved by Sznitman and Zeitouni [18]. Theorem 20 was first proved
in [3]. In [1] the statement was proved under a weaker condition than the
isotropy condition. There, we assume only that p is invariant under all d
reflections O; : RY — R? mapping the unit vector e; to its inverse for each
i=1,...,d.

Before starting with a discussion of the main technical steps, we give a
quick heuristic argument which shows why d > 3 is important for the result.
This argument indicates that the disorder is disappearing in the . — oo
limit for d > 3, but not for d = 1, with d = 2 being the difficult border line
case.

Let &, (w) be the “quenched” expectation of the RWRE after one step.
“Quenched” refers to keeping w fixed, i.e.

& (w) == wa (e)e.

Evidently, from the basic assumptions, and the isotropy property, &, has
the same distribution for all ;, and E§ = 0 and the covariance matrix is a
multiple of the identity:

cov (§) = 01q,

14 being the d x d identity matrix. § depends on the distribution of u, but
as (2d) 'Y, e =0 and |w, (e) — (2d) "' | < ¢, one has § < £2.
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We now define
£ (w) < EO’WEXTL)v
and are interested in the quenched expectation of the exit position, scaled
down by L in order to have an object which can be compared with £. It
is plausible that for small ¢, the leading contribution comes from a “kick”
given by the disorder just at one location of Vi, and therefore

Ew)~ 7 Y 00, (4.2)

yeVL

where gz, (0,y) is the expected number of visits of y € Vi by an ordinary
random, before exiting V7. This is a special case of the perturbation ex-
pansion (4.7) which will be discussed in details below. By the isotropy:
EfL = 0, COov (fL) = (SLId.

How does d1, behave for small €7 Using the above approximation, we get

covp (§1) =~ [ QerVL 2161, (4.3)

The right hand side is easy to evaluate in all dimensions:
d=1": In that case, for  not being close to the boundary, gz, (0,z) is of
order L, and therefore

covp (£1) & const X Lly.

It follows that the disorder parameter ¢ is multiplied by a (big) factor of
order L.

d=2: In this case, g (0,z) ~ logL for = 0, and g7 (0,2) =~ %log ﬁ,
x # 0, close to 0. At the boundary of V7, g1, (0, x) behaves differently. One
can use an approximation of gy, by the corresponding Green’s function for
the Brownian motion in the unit ball which is explicitly known, and some
computation give for large L (and small §)

2
covp (&) ~ ;5[01.

Therefore, it looks that the covariances stay always of order §. However,
one has to take into consideration that we have been very imprecise about
the limits L — oo, § ~ 0, and the meaning of ~ in (4.2). We will discuss
this issue more careful below. What is quite easy to prove, however, is that
for any fixed (large) L, one has

o1
%1_1)1(1) 5 cove (&r) =c(L) 1,

where 5
lim ¢ (L) =

L—oo ™ '

21



This is just a simple exercise I leave to the reader to check. We however
believe that for any fixed small enough 9, one has

lim covp (&) =0,
L—o0

but this is an extremely challenging open problem.
d > 3 : In that case, gz, (0,0) stays of order 1 for L large, and gy, (0, z) decays

like |x]7d+2 for x not close to the boundary of V7, where it is smaller. Well
known approximations for gz, (see for instance in [14]) show that

L ford=3
Z g (0,2)? ~ const x { logL ford=4 |
% 1 ford>5

so that
L7716 ford =3

5y = const x ¢ (log L) L™2§ ford =4
L7326 ford>5

Then, it appears, that the disorder is indeed contracting strongly for d > 3.
A moments reflection however reveals that the above rough computations
don’t tell us much about the problem we are really after. The above ap-
proximations give indeed the correct behavior for arbitrary (large) L when
6 — 0. This again is just a simple exercise. That’s however not what we are
after. We want ¢ > 0 fixed (small), and L — oo. For that, the approxima-
tion (4.3) is totally useless, as the covariances of £y, for large L are certainly
not determined by “kicks” at one place.

The way out of this difficulty is to do a multiscale analysis which will be
explained in some details below.

4.1 Preliminaries

For a sub-Markov kernel p = (p(z,y)), ,eze and a finite subset V' of Z%, we

write

T,ye

def p(xay)v T e Vv d
1 T,Y) = , T,y € ZL".
(Lvp)(z,y) {0, vy, BV

The Green’s function of p is defined by
def e n
9(p)(x,y) = D p"(z,y),
n=0

assuming that the sum converges. We will always be in situations where the
convergence will be evident through cutoffs outside a finite region. We write

av(p) < g(1vp).
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Note that if ((Py)zezd, (Xn)o2o) is a Markov chain with a transition
probabilities (p(z,y)), ,ez4, then for x € Z4, y ¢ V,

gv(p)(z,y) = Pu(Xr, =),

where 7y is the first exit time for the Markov chain from V. In particular, if

x ¢V, then gy (p)(z,y) = 0zy-
Since g(q) = I + q9(q) = I + g(q)q, we have for sub-Markov kernels ¢;
and go,

9(@) (@1 — @2)9(q1) = 9(a2)q19(q1) — 9(q2)q29(q1)

= g(q2)(9(q1) — I) — (g9(a2) — I)g(q1)
=g9(q1) — 9(q2),
and therefore
9(q1) = g9(a2) + g9(q2)(q1 — a2)g(q1)- (4.4)

One can iterate this equation, by replacing ¢ (¢1) on the right hand side
again:

9(q1) = 9(q2) + g9(a2) (@1 — q2) [9(q2) + 9(q2)(q1 — q2)9(q1)]
= 9(2) + 9(@2) (@1 — 42)9(q2) + 9(q2) (1 — @2)9(q2)(q1 — q2)9(q1).

Repeating this procedure inductively, we arrive for any n € N at

9(q1) = 9(g2) +Z a1 —¢2))" g (@2)+[9(@2) (@1 — ¢2)]" g (q1) . (45)

In case that the last summand on the right hand side converges to 0 as
n — o0, we get

9(a1) = g9(q +Z (a1 — @2)]" 9(q) .
k=1

We then have expressed ¢ (q;) through g (¢g2) and the differences g1 — ¢o.
Specializing to ¢1 = 1yp1, g2 = 1y pe, we get for the exit distributions

773),77‘(/2) of p1,po from V:

2
7TV —7TV +Z (Lyp2)( 1vp1—1vp2)]k7ﬁ(/)

provided that
lim [g(1yp2)(1ypr — Lyp2)]” = 0.

n—o0

We will use these equations for various versions of the RWRE transitions p1,
and the ordinary random py. However, the transition kernels will enter in a
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modified form which is suitable for the multiscale approach. Details will be
given in the next section.

Let us first look at the first iteration where p; (z,z +e) := w, (e) and
po(z,x+e) = (2d)"". If V C Z% is a finite set, ITy is the exit distribution
of the RWRE and 7y the one of the ordinary random walk, we get with
A(z,2 +e) = wy () — (2d) " the perturbation expansion

My =7y + > [gvlvAlFay. (4.6)
=1

On the right hand side, the disorder sits only in A. In case that the right
hand side is dominated by the kK = 1 summand, we get

Iy =~ 7y + gy 1y Amy. (47)

This immediately leads to (4.2). However, as remarked before, it is
clear that for Vi, L — oo, there is absolutely no reason to believe that
this is a good approximation, and in fact, the k& > 2 terms dominate the
series in (4.6). However, for fixed L and e small, the £ = 1 summand
dominates. The key idea is to choose L = L1 and ¢ such that (4.7) is a good
approximation. Then, one concludes that HVL1 — TV, is small, with high
probability, measured in an appropriate norm. Define now

) def

L (x,y = TV (x) (x,y) )

def
Iz (1’,2/) = HVL(I) (1’, y) )
which are our transition kernels on scale L, the first one coming from the
ordinary random walk, and the second one from RWRE!. As explained, the

difference ot
AL (:Ca ) :e HL (CL‘, ) —TL ([L‘, )

for L = L should be smaller than the one on level L = 1, but one should
keep in mind, that this has to be a probabilistic statement: There is a small
probability that Ay is quite big. As a simple example, take a RWRE which
has one randomly distributed preferred direction:

if e=&; (w)

1
5q T €
wy (€) = 2d . ,
(e) {21d—2d51 if e £ &, (w)

where {€;} .4 are independent uniformly chosen vectors of length 1 from
the lattice. Then, in the box V7, with probability (2al)7|VL1|+1 , all & are

'T hope, the notations will not confuse the reader. vy, (x,-) is the exit distribution for
a random walk, starting in x, with exits from the ball Vi centered at 0. 7 (x,-) however
is the exit distribution from a ball Vi, (z), centered at x, and for a walk starting in x.
Evidently, 7z (z,y) = mv, (0,y — x) . There will however be modifications on later levels
where the distinction is useful.
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the same, and in that case, Ar, (0,-) is large in total variation, unless ¢
is really tiny. This event has however a probability which is exponentially
small in |V7,|. By ergodicity, one has that almost surely there exist infinitely
many = € Z% where Ap, (z,-) is large. The hope evidently is that these
“bad” points x are thinly placed.

Neglecting this important point for the moment, one chooses Lo > L4
and one expresses y,, =7, through the perturbation expansion in terms
of Il (z,-)—7r, (x,-), which are, appropriately measured, smaller than the
original differences, and one chooses Lo in such a way that again the k£ =1
term in the expansion dominates, and goes in this way, along a sequence of
scales 1 < Lo < Lg < ---.

As remarked, we expect that the Ay, are getting smaller with k in-
creasing, so that one can also choose the sequence {Lj} in such a way that
Lj41/Ly is increasing. That will turn out to be an important technical
point. Writing Ay (z.-) ey Iy, (z,-) — 7w, (z,-), one gets in a somewhat
schematic way:

Api1 = Gh etk DrTh k1 + Gh k1 Dk Gk ket 1 DpTh o1 + - (4.8)

where g k41 is the Green’s function on Vi, , based on random walk steps
with transitions given by 7z, , and 7 k41 is the exit distribution from Vg, .,
coming from the same transitions on level k.

There are essentially two problems: The first one is that the above ex-
pression is not quite correct, as we can of course not express the exit distri-
bution from Vg, , through the exit distributions from Vi, (z), = € Vi,
because of problems near the boundary, where the exits from the smaller
balls would overshoot the boundary of the bigger box. This is an annoy-
ing technical but essentially minor problem which is solved by adapting the
transitions close to the boundary of Vf, .

A more serious problem is coming from the fact that, as explained above,
we cannot expect that differences of the exit distributions on large balls are
close to 0, when measured for instance in total variation. They can only
decrease if some smoothing is applied. In the induction step, one however
wants to apply inductively smallness properties of Ay to prove that Agiq
is even smaller. In the perturbation expansion (4.8), Ay enters through
ALk k+1- 9k k+1 is however not really a good smoothing operator.

The next serious problem is coming from the fact that there are always
some x where Ay (x,-) is large.

We cannot give full details of the approach how to solve all these issues,
but let us give some indications of the key issues in the next sections.

4.2 The precise recursion scheme

The main scheme is an induction to transfer information about the exit dis-
tributions on one scale to information on a bigger scale, as shortly explained
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in the last section. We first fix the sequence of scales: Start with Ly > 1,
and for k > 0 define Ly, &f Li(log Li,)? inductively.

One of the key difficulties to follow the ideas explained in the last sec-
tion is that, as explained, the disorder can on big scales only decay if the
exit distributions are smoothed. This implies that one has to work in the
induction with smoothed transitions. We do a smoothing with averaging
the exits over the radius, and, in addition, convolute the exit distribution
with a smoothing kernel. Fix once for all a smooth probability density ¢ on
R with support in [1,2]. Then we define

def 2
mww—/mmwmw%
1

2
mmw@[memwM

In order not to overburden the notations, we use some abbreviations, and
write 7, for 7y, , and similarly ﬂk Also, we write Vj, instead of Vz, . 7y, fIk
will be our basic transition kernels with which the path moves inside a
bigger box. The exit distributions without the averaging over the radius will
be written without the hat: 7, II;. As remarked, there is the problem to
represent the exits from a bigger box V7, L' > L through these transitions.
In order to do this, we need a shrinking of the radius of the jumps inside
the bigger box when the Markov chain approaches the boundary. We divide
V41 into the following three regions:

def
ASJL = {.Z‘ S Vk+1 : d(ac,BVkH) > 4L = Lk+1/<10g Lk)s} ,

where d(z,0Vj1) is the Euclidean distance of z from the boundary.

def
AP e € Vit « Lyt /(log L)' < d(2,0Vig1) < 4Lg11/(log L)}
Al(~33-i)-1 déf {m S Vk+1 . d(fL’, 6Vk+1) < Lk+1/(log Lk)lo} .

Then, we define for x € Vi1, a transition kernel

7z, ) for x € A,(Clll
~ def ~ 2
Dhot1(2,7) = 7Td(ﬂ?,f‘Wk+1)/4($’ ) for z € Al(ﬁ)'l

(3)

TVit1Wiany /(g Lyt @ (& 7) - for @ € Apry

Similarly, define P}, for the RWRE. In addition, set

def A ~
Apk+1 = Prpr1 — Drpr1

and g 41 is the Green’s function of py, 41, with killing at the boundary of
Vir1. In words: We start to shrink the radius for the transition as soon as
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the chain is closer than 4L;y1/ (log L,)® = 4L to the boundary of Vii.
The jump radius in this region is then always proportional to the distance
to the boundary. We however stop this shrinking if the chain is closer than
Lii1/(log Li,)'° to the boundary, and when reaching such points, we just
jump with the non-smoothed transition kernel, also cut at the boundary
OVi11. The motivation for stopping the shrinking is probably difficult to see
at the moment. Essentially, the point is that we don’t want to cope with
too many “bad” boxes, i.e. regions where Ay ;41 is larger than a certain
value which will be specified below. One should however remark that in
the last layer A,(fil, we can essentially not use any induction hypothesis for
Aj k+1, as in this region, the exits are no longer described through exits from
centered balls. However, L1/ (log L;)™ is chosen because what happens
on this scale is essentially irrelevant for the induction hypothesis we are now

going to formulate.

Define ¢y, oo (log i)™, and formulate the event

Goop® (k) © {||(T1y - #,) 7 0,)

< Ek} .
tv

Essentially, what we want to prove is the following implication: Assume that
L, is large enough. Then for all £k € N

P (GOOD(1> (j)) >1—exp [— (log Lj)Q] Vi <k (4.9)
=P (GOOD(I) (k+ 1)) >1—exp [— (log Lk+1)2:| .

This would be sufficient to prove our main theorem. We would start with
taking Ly appropriately large, and then choose £ small enough such that
the claim is correct for £ = 0. This can trivially be achieved. From that we
would conclude that the statement holds for all £. This is not quite what we
need in the theorem, as we use here a special smoothing kernel 77, , whereas
in the theorem, we allowed an arbitrary one. Also, in the expression f[k — T,
there is an averaging over the radii L with Ly < L < 2Lj, which is not present
in the statement of the theorem. These are a minor technical points which
can be taken care of at the end, and I am not going into details about it.?
There is a more serious problem, and in fact we have not been able to
prove the implication (4.9). The difficulty comes from the fact that the
Green’s function is not a good smoothing kernel, and so, it is difficult to
implement properties of (ﬂj — 71j)@j into the perturbation expansion. It
however turns out, that only a relatively modest information on the non-
smoothed exits is needed to remedy the situation. The point is, as had been

2The averaging over the radius is done only to be able to prove good estimates for
the Green’s function coming from the transitions on scale Li. These estimates require
“smooth” transition kernels. As we are not going to discuss these estimates at all, the
reader can as well “forget” this averaging over the radius.
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remarked before, the reason that ||II; — 7|, cannot go to 0 as k — oo,
comes only from effects of the disorder near the boundary. Although this
effect does not disappear on large scales, it however is produced by essentially
independent small regions near the boundary, and therefore, by a kind of
law of large numbers, there should be good tail estimates. To formulate it,
fix a d € (0,1) and define

GOOD® (5, k) 4! {Hﬂk (0,-) — 7 (0,)

tv<5}’

and put

GOOD (6, k) ¥ cGoob® (k) n GOOD® (5, k)

Then the proper induction scheme is to prove that for properly chosen
L1,e,0, one has

P (GOOD (6, §)) > 1 — exp [— (log Lj)ﬂ Vi <k (4.10)
— P(GOOD (3,k +1)) > 1 — exp [— (log Lkﬂ)ﬂ .

There will still be a small technical modification needed, which we men-
tion a bit later.

4.3 The induction: Outline of the proof

We will give some details about the implication from the left hand side of
(4.10) to derive

P (GOOD(D (k+ 1)) >1- %exp [— (log Lk+1)2} .

In particular, we will explain why in the induction hypothesis, one needs
the event GOOD® (6,7), 7 < k. Of course, one then still has to prove

P (G00D<2> (6, k + 1)) >1- %exp [— (log Lkﬂ)ﬂ ,

but that, we leave out, and give just some rough indications.
We apply the perturbation expansion with V' = Vi1, q1 := 1y, ., P gt1
and g := 1y, Pk k+1 leading to

Hk+1 (07 ) = Tk+1 (07 ) = Z Xi (07 )
=1

where '
X; (O, ) = (gk,k-i,-lAk,k—i-l)l TVjesq (0, ) , 1 €N,

Here the kernel 7y, , | (x,y) is appearing, which, as the reader may remember,
is the exit distribution from Vj11 (which is centered at 0), by a random walk,
starting in « and not 0.
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We may also add a convolution with 711 to get information about
Apyr:

o0

0  def ~ R .

Appr = W11 — M1 Tp1 = E X1Tpy1-
i=1

In the end, we also have to perform the averaging over a radius L between
Liy1 and 2Ly, 1 in order to get Agy1, but this is trivial step after having
estimated A% 41

As remarked before, the scheme is chosen in such a way that the Xi-
term, i.e. the first term in the perturbation expansion dominates, and the
contribution of the other terms is in the end negligible. We in fact use
somewhat sophisticated estimates only in the summand with ¢ = 1, and

estimate the others rather crudely.

We define GOODW (k, z) (w) © coop® (k) (0zw) , where (0,w), def
Wy+a, and similarly the shifted events, GOOD® (6, k, ), GOOD (8, k, x) .

The tasks one has to perform can be summarized roughly as follows. In
order to get estimates of P (GOOD(l) (k+ 1)) one has to do:

1. Estimate || X17;41[l;, on the event

ALLGOOD := () GOOD (8, k, x) .

xevaJA

Actually one has also to consider GOOD (4, j, x) for j < k, for = near
the boundary of Vz, ., but we leave out this technical nuisance.

2. Estimate || X741/, on the complement of this event, but some z €
Vi,., where GOOD (6,k, ) fails are concentrated in a subcube of
V.., of side length of order L. We call this event ONEBAD .

3. Estimate the probability of the complement of ALLGOOD U ONEBAD.

4. Estimate || X;7g4+1l;, for ¢ > 2 under the above events ALLGOOD
and ONEBAD. As we will have an overall estimate of Task 3, we
don’t have to care for any details on (ALLGOOD UONEBAD)“.

The reader should however keep in mind, that this solves only “half”
of the problem, as we still remain to have to obtain a similar estimate for

P(GOOD@N&k+ID.
We start writing
(Xafgt1) (0, 2) = > Ik sot+1 (0, 2) Ap g1 (2, y)
TEVi 41,9,y EVi41UOV 41

X (TrVk+1) (i%yl) Th+t1 (y’, z) .
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In principle, we would only be interested in probabilistic properties of
X1 (0,-), but as explained before, we apply the smoothing kernel 7311 in
order to obtain a quantity which in total variation is smaller than the one
on the previous level k. It should also be remarked that randomness in
the above expression is only in Ay r11. In order to be able to apply the
inductive hypothesis, we observe that the exit distribution 7y, from Vi1
can be written as

Vi1 = Pk k+1TVigr s
simply because, by the strong Markov property, we can perform one step
with the coarse grained jump probabilities given by py 141, and then exit
again according to the standard random walk. In order to apply the strong
Markov property, one only has to observe that py ;41 (,-) is the probabil-
ity distribution of the ordinary random walk, stopped at a (randomized)
stopping time.
Observe furthermore that

> Appar(z,y) =0,

Y

and therefore also

Z Ak ket 1Pkk+1(2,y) = 0.
y

Thus, we can write

Z Grr1 (0,2) Ap g (2,9) (7viyy) (95 Y) T (¥, 2) (4.11)

z,y,y’

= gri1 (0,2) E(z,y) [0 (y.2) — 0 (2, 2)],

with
§ = Apkt1Pkk+1, O = TV, Tkt
On Ay k+1Pk k+1 (2, ) we can apply the induction hypothesis.
There are some technical complications near the boundary which we
don’t want to discuss in details. Therefore we just look the case where
T € A,(Clll. We use two facts about Ay, 119k k41 in this region:

e Up to a probability exp [— (log Lk)Q] ARk 1PE k1 (250) | oy 18 < e

o If d(:L‘,xl) > 4Lk then Ak,k—i—lﬁk,k-ﬁ-l (.7;, ) and Ak,k—i—lﬁk,k—i—l (.7;,, ) are
independent.

Essentially gy x4+1(x,y) should be like the Green’s function of the ORW
with a scaling, and the ORW Green’s function should be like the Brownian
motion Green’s function.
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We first have to discuss how gy, +1(0,y) behaves. One should remember
that it is the Green’s function of a random walk in Vi1 jumping with
smeared out exit probabilities from balls, centered at x, of radius between
Ly and 2Lg. It is therefore clear, that without the killing of the walk outside
VLy.1, the Green’s function on all of 7% would be of order

) d—2
—d

Lk 771 .
(1 + |yl L, )

With the killing, the Green’s function is only smaller, but for y not close
to the boundary, the above form is essentially the right one. Most of the
y-summation comes from y’s which are at distance L1 from the origin, so
we simplify things by replacing gy ;11 by L;d(LkJrl/Lk)’d*z. In particular,
it is not difficult to prove that

> Gepr1(0,2)=0 (LzHL;Zd(LkH/Lk)_dH) = O ((Lk+1/Lk)?)

2€Vip ;s
=0 ((log Lk)6> ;

as we had chosen Ly, 1 = Ly (log Lk)s. Of course, for a correct argument,
one has to carefully check that the summation of y close to 0 does not spoil
things, but this is an easy technical point. So we don’t discuss it here.

Next, there is a very important observation which is the only one point
where the isoptropy assumptions really enters: In order to apply exponential
inequalities, we have to center the expression on the right hand side of (4.11)
and write it as

D g1 (0,2) [E(w,y) — EE(z,9)] [0 (y,2) — 0 (, 2)] (4.12)

+ ngvk"‘l (0,z2)E&(z,y) [0 (y,2) — o (z,2)].
z,y

Of course, E&(z,y) = E£(0,y —x), and this inherits the invariance properties
from the original random environment: It is invariant under lattice isome-
tries. Together with the fact that the function y — o (y, z) is harmonic with
respect to the transition kernel 7z, this leads to two cancellation which are
crucial, as we roughly explain:

Remember that we are finally interested in the total variation norm.
So, it is natural to investigate ||o (y,-) — o (x, )|, for @,y which are at a
distance of order Ly, which is the relevant distance in the above expression.
As o is produced via the exit distributions from Vj,1 convoluted with a
smoothing kernel at scale Ly 1, it is plausible, and easy to prove, that

Ly 1
oy,") —o(@, )| <C =C .
o) =0 (el £ O = Ot
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A moment’s reflection reveals that this is far from sufficient. We cannot
expect that ||E&(z,-)]|,,, is better than (log Lj,)~?. This follows from the
induction hypothesis on level k. Using this estimate, we therefore would
get for the second summand in (4.12) an estimate of order (log Lj,) " which
is far from the desired (log Ly11)~”. A finer argument uses the fact that
o (z,-) is essentially differentiable in z. Of course, one has to be careful here
as we are on a lattice. Anyway, one can easily prove that there is a function
Do (x, z) such that

1

Ho’ (y, ) -0 (%, ) — <y —x,Do (.%', '>>Hvar < CW’

for |z — y| of order L. As evidently, Zy (y — ) E{(z,y) = 0 from the sym-
metry properties, one would get with this better approximation an estimate
of order (logL;)™? for the second summand in (4.12). This is not quite
enough as one needs something like %(log Lk+1)_9, hoping of course that
one gets the same for the first summand. In fact, one needs to go to a sec-
ond derivative of o (z,-) in x, and use a second cancellation coming again
from the invariance property of E{(x,y) under discrete rotations and har-
monicity of ¢ in z. In fact, we proved in [3] (see also Proposition 3.1 of [1])
that

Hzxy g1 (0,2)E€(z,9) [0 (y,) — o (z,7)]|| < C(log Lyt1) 7",

var

for some C,n > 0. Probably, with some efforts, one could take n = 3.

From this one sees that the second summand in (4.12) is fine for the
desired bound, and therefore, the first remains.

For that, one has to use probabilistic arguments. In fact, we definitely
cannot assume that ||€ (z,-) — E&(z, )|, is of order (log Ly)™® for all .
There is the additional technical problem that & (z,-) and & (2/,-) are de-
pendent if |z — /| are of order L. We divide Z% into disjoint hypercubes Cj
of side length 4Ly, j € Z%. Cj, is the set of such cubes which intersect Vit1-
We call a cube Cj in Cy bad, if there exists x € (5N Vg, , such that

(A7 L) (@, )y > (log Lyy) ™. (4.13)

As indicated before, we define ALLGOOD to be the event that there is no
bad cube in C;. The event ONEBAD is the event that (4.13) occurs for some
x € Viy1, but the set of such x is confined to at most two adjacent cubes.
The event TWOBAD then defined as (ALLGOOD UONEBAD)“. All these
notions depend of course on k.

With these notions, our tasks 1-4 can now be attacked. We start with

the simplest one:
Task 3:
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TWOBAD c Uz ' €Viy1:|lz—a’|>4Ly [{H(Akﬁ—k) ($’ ')Hvar > (lOg Lk)_g}

1 (i) (&) o > Q022077 ).

If | — 2’| > 4Ly, then the events which are intersected are independent.
Moreover, each event has, by the induction hypothesis, probability at most
exp[— (log Li,)?]. Therefore

P (TWOBAD) < C (Lj41)? exp [—2 (log Lk)z} < exp [— (log Li11)?| -

So this is done.
Task 1:
We have to estimate

P ([|(My41 = Tpt1) Frsallyy > €rv1, GOOD), (4.14)

where d > 3 is crucial.
We again consider the cubes Cj as above. Put

y(.ﬁC, Z) déf Z gk,kJrl(Oa x>{§(x7y) - Eg(xﬂl/)}{a(yv Z) - U<$7 z>}7

yEVkt1

so that

I = ) s Ol = S X 962

and we split the z-summation according to the cubes Cj : For any u € Cp
we consider the translates by multiples of 4Ly, : u 4+ 4Lyn, n €Z¢

S| cap v @) = 20N v(e)
<>

z ueCp

Zn:'u,-|—4LkneA(1) Yy (U + 4Lkn, Z) .

k+1

The summation over z is over at maximum const XL% 41 points and the
summation over Cy is over const XL% points. The variables inside the abso-
lute value on the right hand side are independent and have mean 0 and the
number of them is const X (Lgy1/L)?. We have to know how big y (z, 2)
can be, but it has to be remembered that we restrict for the moment to
be inside GOOD where ||¢(x,-) — EE(x, )|y, is at most (log L)~ . Then,
for individual z, o (z, 2) is of order L,;jzl but as we consider the differences
o(y,z) — o(x,z) with |y —z| &~ L, we gain an additional factor Ly/Ly1
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through a discrete differentiation. Therefore |o(y,z) — o(z, z)| is of order
LkLk+1 Finally, g x+1(0,2) is of order L, (Lk/LkH)d_Q. As remarked
before, this is not correct for x close to 0, but a more exact computation
reveals that this does not change anything. Therefore, we get

(@, 2)| = Ll Ly (L / L)% (log L) ™

= L L2 (log L) ~°

The Hoeffding inequality states that for independent centered random vari-
ables X; with |X;| < b;, one has

P (‘ijl Xi

Applying this we get

P(Z Z cA® y(z,2)

>t)<2exp [—%2
— /T LN

>t] <exp —t2(log Lk)18 <£+1>
k

= exp [—t2 (log Lk)?’dﬂﬂ .

= k+1

For t = (log Ly4+1) ", we get a bound

. exp [— (log Lk+1)2} ;

exp |— const x (log L )>** ™2 (log Lk)flg} < 10

provided L is large enough. This can always be achieved by choosing
already Lg large enough, and adapt the € for the starting condition small

enough.
This settles Task 1, except that we have restricted the summation above
to x € A,(c_zl, and there remain the other two regions. z € Agl can be

handled in essentially the same way, with some slight additional technical
considerations. Here, we still use exits from smaller balls, but in a scale be-
tween ~ Ly, and ~ Ly 1/ (log L)' . In order to do it, we need the induction

hypothesis for certain j < k. The summation over x € Agl has however be
handled differently, as we no longer can use fully the induction hypothesis.
The exits from x € A,(C _31 are performed via truncated smaller balls. What
helps is that the scale with which the random walk jumps when being in
A(?’)1 is now of order L/ (log L)' and some crude technical estimates give

3)
k+1

of the expression in (4.12) is at most (log L) ™" < (log Ly41)™? = epp1.
This is technically slightly annoying, but not difficult to prove. We skip the
argument for that.

Task 2:

then that the contribution of the summation over zc€ A to the estimate
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Unfortunately, here, there is an additional difficulty here which we have
not addressed till now: If || (I — 73 )% (, -) ||sv is really bad in one or several
points x in one of the cubes in Cy, then || X17441(0, )|, Will typically not
be of order (log LkH)_g, how good the situation in the other cubes may
be. The reader can easily construct an example which shows that this is the
case, even when the disorder outside the bad cube is as good as it can, i.e.
the disorder that has disappeared completely.

However, using the same type of arguments as above, one can prove that
if there is just one (or two adjacent) bad cubes, then || X17;41(0, )| 0 <
(log Ly,)~* with high probability. More precisely, if ||(IT; — ) 7% (, ) ||y is
bigger than ¢y, for some z in one (or two adjacent) cubes, but at maximum
still < (log) ™, with 0 < a, then || X17%41(0, )|l ypy = (log Ly) ™ ™22 3) hag
again probability < exp[— (log Lk+1)2]. I don’t want to go into the technical
details as they quite cumbersome, but essentially, the “badness” of the one
(or two adjacent) cubes is washed out by the increase of the scale with the
factor (log Lk)?’, where the contributions of the good cubes is estimated in
the same way as in the good situation.

Unfortunately, however, this requires a modification of the basic induc-
tion scheme (4.10) and one has to work with 3 levels of badness. Actually
we did it with 4, in order to keep more flexibility: ONEBAD is split up
according to sup, ||(IIy — ) 7k (2, )|y, and (4.10) has to be adapted ac-
cordingly. There is no point to discuss that in technical details here, as it
would take a couple of pages.

The reader should remember that up to now, we have only investigated
the level k + 1 based on the first term in the perturbation expansion, and

we clearly have to check that the others Xs, X3,... are not spoilsports.
(Actually they are for d = 2). This is Task 4.
Task 4:

To see the problems which arise, we start by looking formally at the issue:

. def ~ def o ..
With ¢ = Ok k415 T = V1 k41, for abbreviation, we get for m > 2,

Xmfrar = g (Ag)™ ' A

First, we should observe that

Ag(w,y) =Y A(z,u)g(u,y)
= Aw,u) g (u,y) — g (x,y)]

(see the notation above (4.6)). This means that we “gain” a discrete deriva-
tive in the Green’s function. In fact, it is not difficult to see that for z in
the bulk and u at distance of order Ly from x, one gets

Z |g (’LL, y) -9 ($7y)| ~ (lOg Lk‘)3a
yeVy
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where, as remarked before, Zy g (z,y) =~ (log Lk)6. Forgetting for the mo-
ment the issue of the necessity of smoothing of the A, we expect a behavior
A (2, )] < (log Li,)"? from the induction hypothesis. Therefore, in the
above expression for X,, 7,11, we have the contribution of the first g, which,
as there is no gain from a derivative, is of (log Lk)6, then m times the A,
giving (log Lk)_gm , and m — 1 times the g with the discrete gradient, giving
(log Lk)(mfl)?’ . So, in the end we have, without doing any type of probabilis-
tic estimates, however assuming that all cubes are good, that X, 71 should
in total variation behave like (log Ly)* (log L) %™ . At least for m > 3, this
would be totally fine as (log L) ™" < (log Lp41) ™", for n > 9.

There is however the problem that the induction hypothesis does not give
an estimate, which decays to 0, on [|A (z, -)||,,, but only after smoothing. g is
however not quite a good smoothing kernel, but we now observe, neglecting
for simplicity the killing at the boundary,

Ik k1 = 1 + LGk kt1-

If the I would not be there, we would be fine, as we the kernel 7, appears
which is smoothing A to (log Lk)_9 , in good regions. Actually, this point is
the very reason that we are working with the 7 as smoothing kernels. But
we have to take care of the I which does not smooth A at all. For instance
with m = 2, one has

N 2 ~ N
Xofgt1 = Grk-+18% k1 TR TV yy Tht1

+ Gh k1 (Dk ket 178 G kb1 Dk k-t 1 TR TV Thp 1 -

In the second summand, one has twice smoothed A: Ay 1177, which are,
by the induction hypothesis, of order at most (log Ly)™ ", each, with high
probability. There is still some work to be done along the line as in the
Xj-case, but essentially, this part behaves much better than the Xomy 1.

In the first summand, things are less pleasant. One should also remark
that, in the end, we have to estimate X,,,7;+1 and we get there a summand of
the form gk,k+1AZ?k+17Ark7TVk+17A7k+17 and we finally have to sum over m. It is
here that we need the second part of the induction assumptions, namely that
for some 0 < 1, one has ||Ag xy1ll,,, < J, with high probability. Therefore,
up to small probability, one gets

HAZ,Lk—Hﬁ-Lk (l‘, ')Hvar < 5m71 (log Lk)_gv
and this can be summed over m.

In this way, one can finally prove that the left hand side of (4.10) implies
P(GOODW (k+1)) > 1 — % exp[— (log Li11)?], where, however, we have
neglected the additional complication coming from the different levels of
“badness”, as we remarked above.
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There now remains the task to prove that the left hand side of (4.10)
also implies

P (GOOD®) (5,k +1)) > 1~ %exp [~ (tog 20’

This however cannot be achieved through the shrinking scheme where
we stop shrinking the balls on the lower scale at Ly 1/ (log L)' . We need
here a scheme where the balls from which we exit shrink proportional to
the distance from the boundary of Vj11. Essentially, that does not change
the above procedure, except that on the small balls close to the boundary
of V41, say of size L, we of course only have estimates by ¢;, so there is
no hope that we get an estimate for the total variation Hﬂkﬂ — Tht1lev
which shrinks to 0. But that is no problem, as we know that there cannot
be such an estimate. Therefore, in the case, that for all these exits in the
smaller scale, we could use the bounds ¢;, then some easy modification of
the scheme discussed would to the job. In fact, the corresponding Tasks 1,
2, and 4 are a straightforward rerun of the ones before.

However, there is the problem there can be no good estimate of

P ((ALLGOOD U ONEBAD)®)

in the modified setting, as this probability simply goes to 1 as k — oco. In
fact, the reason we chose Lj1/ (log L1,)"° as the smallest radius for the exits
was done exactly to avoid that.
That
P((ALLGOOD UONEBAD)¢) — 1

as k — 0o, when we shrink the exits to scale of order 1 near the boundary of
Vi+1 can easily be seen. Whatever the size of V7, is, there is a nonvanishing
probability that A, on this scale, is bad in total variation, say bigger than
a constant. In our new scheme, we therefore have, with probability close
to 1, many such non-intersecting cubes of a fixed size L to consider, and
therefore, there are always many, for large k, which are bad.

In order to cope with this problem, one needs an additional probabilistic
argument which shows that with large probability these bad regions, al-
though being many, are thinly spread, and so they don’t influence the total
variation of the exit distribution from Vj4; too much, at least of one is only
interested to get a total variation estimate by some (small) 4.
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