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This is the joint work with Noriaki Teranishi
▶Time Operators of Harmonic Oscillators and Their Representations I
(arXiv:2201.06352v4)
▶Time Operators of Harmonic Oscillators and Their Representations II
(in preparation)
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CCR

Let [A,B] be the commutator of linear operators A and B defined by

[A,B] = AB − BA.

If a sa operator A in Hilbert space H admits a symmetric operator B satisfying
CCR:

[A,B] = −i1l

on a non-zero subspace DA,B ⊂ D(AB) ∩D(BA), then B is called a time operator
of A. We shall show several examples of time operators.
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Examples: Let ĥ0 =
1
2p

2. Spec(ĥ0) = [0,∞). Let

T̂AB =
1

2
(p−1q + qp−1).

T̂AB is called the Aharonov-Bohm operator or time of arrival operator. It holds
that [

ĥ0, T̂AB

]
= −i1l.

Question: What is a time operator of ĥ = 1
2 (p

2 + q2), Spec(ĥ) = {n + 1
2}
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Domains

▶When considering time operators of sa operator possessing purely discrete
spectrum, we should take care of domains.
▶Let Hen = Enen and [H,T ] = −i1l. We apply en on both sides to result

(H − En)Ten = −ien

and hence
0 = (en, (H − En)Ten) = −i .

This is a contradiction. Thus we can see (1) or (2):

(1) en 6∈ D(T )

(2) en ∈ D(T ) but Ten 6∈ D(H)
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Three time operators of 1D harmonic oscillator
▶1D harmonic oscillator ĥε =

1
2 (p

2 + εq2) 0 < ε ≤ 1.
1. Angle operator:

T̂ε =
1

2

1√
ε

(
arctan(

√
εp−1q) + arctan(

√
εqp−1)

)
.

The existence of a dense domain of T̂ε is not trivial.
2. Galapon operator=POVM: Let P be a positive operator valued measure on a
measurable space (Ω,B) associated to ĥε. We define

TG =

∫
Ω

tdPt = i
∞∑
n=0

∑
m ̸=n

(em, ·)
m − n

en.

Then TG becomes a time operator of ĥε.
3. Phase operator: Let a and a∗ be the annihilation operator and the creation
operator in L2(R). A phase operator is formally described as

ϕ̂ =
i

2
(log a− log a∗)

It is hard to define log a∗ as an operator.
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Heuristic derivation of angle operator T̂ε

▶Take momentum representation. FpF−1 = Mk and FqF−1 = +i d
dk . Instead of

notations L2(Rk),Mk and −i d
dk we denote them as L2(Rx), q and p, respectively.

Thus [p, q] = −i1l also holds in the momentum representation.
▶ĥε is transformed to

hε =
1

2
(εp2 + q2).

We shall construct symmetric operator Tε such that

[hε,Tε] = +i1l

in the momentum representation.
▶Let t = q−1p with D(t) = {f ∈ D(p) | pf ∈ D(q−1)}.
▶[hε, t] = i(1l+ εt2) =⇒ [hε, f (t)] = i(1l+ εt2)f ′(t) =⇒ f ′(t) = (1l+ εt2)−1

f (t) =
1√
ε
arctan

√
εt.

Symmetrizing f , we see that

Tε =
1

2

1√
ε
(arctan

√
εt + arctan

√
εt∗)

may be a time operator.
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We define Tε by using the Taylor expansion:

arctan x =
∞∑
n=0

(−1)n

2n + 1
x2n+1 |x | < 1.

Note also that arctan x can be extended to a function on C as

arctan z =
i

2
log

i + z

i − z
z ∈ C \ {i},

which is a multi-valued function. Since t is unbounded and non-symmetric, it is
not trivial to define

arctan
√
εt# =

∞∑
n=0

(−1)n

2n + 1
(
√
εt#)2n+1.

If
√
εtf = if , then f 6∈ D(arctan

√
εt).

▶It is not trivial to specify a dense domain D such that

D ⊂
∞⋂
n=0

(D(tn) ∩ D((t∗)n))
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Ultra-weak time operators

▶L20 = {f ∈ L2(R) | f (−x) = f (x)}
▶L21 = {f ∈ L2(R) | f (−x) = −f (x)}.
heven = hεdL2

0
and hodd = hεdL2

1
. Henceforth we have

hε = heven ⊕ hodd.

Let L0 and L1 be

L0 = LH{e−αx2/(2
√
ε) | α ∈ (0, 1)} ⊂ L20,

L1 = LH{xe−αx2/(2
√
ε) | α ∈ (0, 1)} ⊂ L21.

Then L0 + L1 is dense in L2(R), and L0 ⊥ L1.
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▶S#
ε = Sε,S

∗
ε , t

# = t, t∗.

▶te−αx2/2 = q−1pe−αx2/2 = iαe−αx2/2

▶t∗xe−αx2/2 = pq−1xe−αx2/2 = iαxe−αx2/2

S#
ε =

1√
ε

∞∑
n=0

(−1)n

2n + 1
(
√
εt#)2n+1,

D(S#
ε ) =

{
f ∈

∞⋂
n=0

D(t#
2n+1

)

∣∣∣∣ lim
N→∞

N∑
n=0

(−1)n

2n + 1
(
√
εt)2n+1f exists

}
.

Formally we write S#
ε as

S#
ε =

1√
ε
arctan

√
εt#.

Theorem (FH+Teranishi)

(1) D(S#
ε ) ⊃ L#.

(2) i(0,∞) ⊂ Specp(t
#) and i(0,∞) ⊂ Specp(S

#
ε ).

(3) [hε,S
#
ε ] = i1l on L#.
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Hierarchy of time operators (abstract theory)

▶We expect Tε =
1
2 (Sε + S∗

ε ) is a time operator of hε. Sε is well defined on L0

and S∗
ε on L1, but

L0 ∩ L1 = {0}.

Instead of considering time operators, we define an ultra-weak time operator of hε.
▶Hierarchy of classes of time operators.
{ultra-st-time} ⊂ {st-time} ⊂ {time} ⊂ {weak-time} ⊂ {ultra-weak-time}.
▶Let A be a sa operator on H and D1 and D2 be non-zero subspaces of H. A
sesqui-linear form

tB : D1 × D2 → C, D1 × D2 3 (ϕ, ψ) 7→ tB [ϕ, ψ] ∈ C

with domain D(tB) = D1 × D2 is called an ultra-weak time operatorof A if
∃D,∃E ⊂ D1 ∩ D2 such that the following (1)–(3) hold: (1) E ⊂ D(A) ∩ D.
(2) tB [ϕ, ψ]

∗ = tB [ψ, ϕ] for all ϕ, ψ ∈ D. (3) AE ⊂ D1 and, for all ψ, ϕ ∈ E ,

tB [Aϕ, ψ]− tB [Aψ, ϕ]
∗ = −i(ϕ, ψ).
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▶We define

t0[ψ, ϕ] =
1

2
((ψ, Sεϕ) + (Sεψ, ϕ)), ψ, ϕ ∈ L0,

t1[ψ, ϕ] =
1

2
((ψ, S∗

εϕ) + (S∗
εψ, ϕ)), ψ, ϕ ∈ L1.

tε is defined by
tε = t0 ⊕ t1

I.e., tε[ψ0 ⊕ ψ1, ϕ0 ⊕ ϕ1] = t0[ψ0, ϕ0] + t1[ψ1, ϕ1].

Theorem (FH+Teranishi)

tε is an ultra-weak time operator of hε under the decomposition hε = heven⊕ hodd.
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Continuous limit

The Aharonov-Bohm operator TAB = 1
2 (t + t∗) can be extended to the ultra-weak

time operator. Let

tAB,0[ψ, ϕ] =
1

2
{(ψ, tϕ) + (tψ, ϕ)} ψ, ϕ ∈ M0,

tAB,1[ψ, ϕ] =
1

2
{(ψ, t∗ϕ) + (t∗ψ, ϕ)} ψ, ϕ ∈ M1.

Define tAB by
tAB = tAB,0 ⊕ tAB,1.

We can see that tAB is an ultra-weak time operator of 1
2q

2.

Theorem (FH+Teranishi)

lim
ε→0

tε[ψ, ϕ] = tAB [ψ, ϕ].
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Matrix representations for α ∈ (0, 1)
We set ε = 1, and tε=1 = t, S#

ε=1 = S# and hε=1 = h. We also set

ξα = e−αx2/2.

▶We want to see the function Kab such that

t[xaξα, x
bξα] = (ξα,Kabξα), a, b ∈ N ∪ {0}.

Let us set

tα = 2

(
x2

2
− d

dα

)
.

Theorem (FH+Teranishi)

Suppose that α ∈ (0, 1). Let ρ be a polynomial. Then

Sρ(x2)ξα =
i

2

(
ρ(tα) log

1 + α

1− α

)
ξα,

S∗ρ(x2)xξα =
i

2

(
ρ(tα) log

1 + α

1− α

)
xξα.
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Together with them we have the matrix representation of t. Let

Kα = LH{xne−αx2/2 | n ∈ N ∪ {0}}.

We can see t[fa, fb] for fa, fb ∈ Kα in the corollary below.

Corollary

Fix α ∈ (0, 1). Let fa = xaξα and fb = xbξα. Then t[fa, fb] is given by
− i

4

(
ξα,

{
(tnαx

2m − x2ntmα ) log
1 + α

1− α

}
ξα

)
a = 2n, b = 2m

− i

4

(
ξα,

{
(tnαx

2m+2 − x2n+2tmα ) log
1 + α

1− α

}
ξα

)
a = 2n + 1, b = 2m + 1

0 otherwise.

We discuss the case of α = 1. Let

K = LH{xne−x2/2 | n ∈ N ∪ {0}}.

Theorem (FH+Teranishi)

K ∩ D(S#) = {0}. In particular, let en be an ev of h, then en 6∈ D(S#).
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Galapon operator

TG f = i
∑
n

∑
m ̸=n

(em, f )

m − n
en.

We define the unbounded operator P0 by

P0 = lim
N→∞

1

2π

(
N∑

n=0

en, ·

)
N∑

n=0

en.

Proposition

[h,TG ] = −i(2πP0 − 1l) and [h,TG ] = i1l on LH{en − em | n 6= m}.

We can also define the sesqui-linear form associated with TG by

tG [ϕ, ψ] =
1

2
{(ϕ,TGψ) + (TGϕ, ψ)}.

Theorem (angle operator 6= Galapon operator)

t 6= tG .

Proof: tG is bounded, but t is unbounded. 2
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Phase operator

a = p + iq and a∗ = p − iq. Then [a, a∗] = 1l. Let N = a∗a. Phase operator ϕ̂
satisfies [N, ϕ̂] = i1l. Heuristically we have

[N, f (a)] = −f ′(a)a.

Setting −f ′(a)a = +i1l, we implicitly yield that f (a) = −i log a.
▶We formally have

ϕ̂ = − i

2
(log a− log a∗).

▶Let A be a linear operator in L2(R). We define logA by

logA = −
∞∑
n=1

1

n
(1l− A)n

with the domain

D(logA) =

{
f ∈ L2(R)

∣∣∣∣ ∞∑
n=1

1

n
(1l− A)nf strongly converges

}
.
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▶L2(R) = ⊕∞
n=0Ln, where

Ln = LH

{
1√
n!
(

n∏
a∗)Ω

}
,

where Ω(x) = π−1/4e−x2/2 and ‖ 1√
n!
(
∏n a∗)Ω‖ = 1.

a∗Ln → Ln+1, a : Ln → Ln−1

Let Dfinite be the finite particle subspace defined by

Dfinite = LH

{
f =

∞∑
n=0

cn√
n!

n∏
a∗Ω

∣∣∣∣∣ n = 0 for n ≥ ∃m

}
.

Lemma

Dfinite ⊂ D(log a) and Dfinite ∩D(log a∗) = {0}. In particular D(ϕ̂)∩Dfinite = {0}.

From Lemma we can see that ϕ̂ is not well defined on Dfinite . This fact is fatal to
consider ϕ̂.
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Angle operator and phase operator

▶Another candidate of a time operator is formally given by

ϕ̂∗ = − i

2
(log a∗−1a+ log aa∗−1).

Note that formally
{

i
2 log a

∗−1a
}∗

= i
2 log aa

∗−1.
▶Let

D =

{
f =

∞∑
n=0

cn√
n!

n∏
a∗Ω

∣∣∣∣ c0 = 0,
∞∑
n=1

c2n
n
<∞

}
.

The operator a∗−1 is defined by

a∗−1f =
∞∑
n=1

cn√
n!

n−1∏
a∗Ω, D(a∗−1) = D.
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Let {en}n be the set of normalized eigenvectors of N which satisfies that
Nen = nen. U : L2(R) → L2(R) is a unitary operator defined by

Uen = (n!)−1/2a∗nΩ, n ≥ 0.

We define subspaces of L2(R) by

L0 = LH{e−αx2/2 | α ∈ (0, 1)},

L1 = LH{xe−αx2/2 | α ∈ (0, 1)}.

Lemma (FH+Teranishi)

U arctan(q−1p)U∗ = − i

2
log
(
a∗−1a

)
on UL0,

U arctan(pq−1)U∗ = − i

2
log
(
aa∗−1

)
on UL1.
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Let

S = − i

2
log(a∗−1a), S∗ = − i

2
log(aa∗−1).

We define

t0[ϕ, ψ] =
1

2
{(Sϕ, ψ) + (ϕ, Sψ)} , ϕ, ψ ∈ UL0,

t1[ϕ, ψ] =
1

2
{(S∗ϕ, ψ) + (ψ, S∗ϕ)} , ϕ, ψ ∈ UL1.

We define
t∗ = t0 ⊕ t1.

Moreover the ultra-weak time operator associated with angle operator
T = 1

2 (arctan t + arctan t∗) is denoted by t.

Theorem (FH+Teranishi)

t and t∗ are unitary equivalent, i.e., t[ϕ, ψ] = t∗[Uϕ,Uψ].
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Shift operator

▶L2(R) ∼= ℓ2(N×).
Let L be the left-shift and the adjoint L∗ the right-shift. Let f ∈ ℓ2(N×). It is
defined by

(Lf )(n) =

{
f (n−1) n ≥ 1
0 n = 0

(L∗f )(n) = f (n+1).

We can see that
LL∗ = 1l, L∗L = 1l− PΩ,

where PΩ is the projection to 1D subspace spanned by Ω.
In terms of the shift L#, we obtain that

a = L
√
N =

√
N + 1lL,

a∗ = L∗
√
N + 1l =

√
NL∗.

Note that N = a∗a and N + 1l = aa∗.
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Galapon operators and shift operators
Let

LG = i {log(1l− L)− log(1l− L∗)} .

Lemma

(1) Dfinite ⊂ D(log(1l− L#)). In particular LG is well defined on Dfinite .
(2) [N, LG ] = −i1l on Ran

(
(1l− L)L∗

)
∩ D(NLG ) ∩ D(LGN).

Let us remind you that

TG f = i
∞∑
n=0

∑
m ̸=n

(em, f )

n −m
en

 .

TG is bounded and [N,TG ] = i1l on LH{en − em | n 6= m}.
▶LH{en − em} ⊆ Ran

(
(1l− L)L∗

)
∩ D(NLG ) ∩ D(LGN).

Theorem (FH+Teranishi)

TG = LG on D
(
log(1l− L)

)
∩ D

(
log(1l− L∗)

)
. In particular LG has the bounded

operator extension.
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Concluding remarks

In physics it is formally treated that [h,A] = +i1l for

A = T ,TG , ϕ̂,

where T = 1
2 (arctan q

−1p + arctan pq−1), TG = i
∑

n

∑
m ̸=n

(em,·)
m−n en

ϕ̂ = i
2 (log a− log a∗). We made relationships among them clear.

(1) T 6= TG .

(2) If T is defined in the sense of sesqui-linear form t, then the domain of t is
dense and t[hϕ, ψ]− t[hψ, ϕ]∗ = −i(ϕ, ψ) hols on a dense subspace.

(3) The continuous limit of Tε is TAB = 1
2 (q

−1p + pq−1).

(4a) A matrix representation of t is given for α ∈ (0, 1).

(4b) It can be extended to iα ∈ H \ {i}.
(5) D(ϕ̂) ∩Dfinite = {0}.
(6) T ∼= i

2 (log a
∗−1a+ log aa∗−1).

(7) TG = i {log(1l− L)− log(1l− L∗)} holds true for shift operator L.

(8) We can construct time operators of the form c(log f (L)− log f (L∗)).
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