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CCR

Let [A, B] be the commutator of linear operators A and B defined by
[A,B] = AB — BA.

If a sa operator A in Hilbert space H admits a symmetric operator B satisfying
CCR:

[A B] = —il

on a non-zero subspace Da g C D(AB) N D(BA), then B is called a time operator
of A. We shall show several examples of time operators.
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Examples: Let hy = ip% Spec(ho) = [0,00). Let
2 - -1
Tag = 5(pq+ap™).

Tag is called the Aharonov-Bohm operator or time of arrival operator. It holds
that

{BO, fAB} — i

Question: What is a time operator of h = 1(p? + ¢?), Spec(h) = {n +

}

NI
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Domains

»When considering time operators of sa operator possessing purely discrete
spectrum, we should take care of domains.
»Let He, = E,e, and [H, T] = —il. We apply e, on both sides to result

(H— E))Te, = —ie,

and hence
0=(en,(H—E,)Te,) = —1.
This is a contradiction. Thus we can see (1) or (2):

(1) e, & D(T)
(2) e, € D(T) but Te, & D(H)
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Three time operators of 1D harmonic oscillator
»1D harmonic oscillator h. = 3(p? +e¢?) 0<e < 1.
1. Angle operator:
A 1
+
g 2 \/*
The existence of a dense domain of 7A'5 is not trivial.

2. Galapon operator=POVM: Let P be a positive operator valued measure on a
measurable space (2, B) associated to h.. We define

TG:/tht—IZZ em )

n=0 m#n

(arctan(v/ep~'q) + arctan(v/eqp™ 1)) .

Then T becomes a time operator of h..
3. Phase operator: Let a and a* be the annihilation operator and the creation
operator in L2(R). A phase operator is formally described as

b= -(Ioga—loga )

It is hard to define log a* as an operator.
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Heuristic derivation of angle operator T,

» Take momentum representatlon FpF~1 = M, and FqgF 1 = —Hdk Instead of
notations L2(Ry), My and /dk we denote them as L?(R,), g and p, respectively.
Thus [p, q] = —iT also holds in the momentum representation.

» h. is transformed to

L o, 2
E(EP +q°).
We shall construct symmetric operator T. such that

[he, T] = +il

he =

in the momentum representation.

»Let t = g 1p with D(t) = {f € D(p) | pf € D(¢g~1)}.
»[he,t] = i(1+et?) = [h, f(t)] = i(1+et?)f'(t) = f/(t) = (1 + et?) 1
f(t) = \% arctan y/zt.

Symmetrizing f, we see that

11
T. = 5%(arctan Vet + arctan \/et*)

may be a time operator.
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We define T. by using the Taylor expansion:

1
arctanx = Z > +1 X2+t |x| < 1.
n

Note also that arctan x can be extended to a function on C as

+
arctanz =

ze C\{i},

which is a multi-valued function. Since t is unbounded and non-symmetric, it is
not trivial to define

arctan\/zt” = iz( —I—)l(\[t#)2n+1

If \/etf = if, then f & D(arctan/ct).
»It is not trivial to specify a dense domain D such that

D c () (D(t") N D((£")")
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Ultra-weak time operators

L3 ={f € L*(R)
>0 = [f € 12(R)

i x) = f(x)}
heven = he ng and hoq

f(—
fF(=x) = =f(x)}.
dd =

he[ 2. Henceforth we have
he = heyen ® hoaa-
Let £9 and £; be
€0 = LH{e *"/V9 | ¢ € (0,1)} C L2,
£, = LH{xe~*"/@VE) | o € (0,1)} C L2.

Then £¢ + £ is dense in L?(R), and £y 1 £;.
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»S# =S, Skt =t t"
»te—axz/2 — q—lpe—ax /2 ,ae—axz/2

2 2
B t* xe X /2 — pq lxe—ax /2 _ = jaxe— X /2

oo

55#—

)2n+1

0

N n
{ m t#2n+1 ‘ lim Z _121(\/&)2"“7‘ exists}.
N— oo

Formally we write S as
1
#_ - #

S? NG arctan \/et™.
Theorem (FH+Teranishi)
(1) D(S#) D £4.
(2) i(0,00) C Spec,(t*) and i(0,00) C Spec,(S#).
(3) [he, S#] = i1 on £4.
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Hierarchy of time operators (abstract theory)

»We expect T, = %(56 + 5X) is a time operator of h.. S. is well defined on £o
and S7 on £4, but
LoN £y = {0}.

Instead of considering time operators, we define an ultra-weak time operator of h..
» Hierarchy of classes of time operators.

{ultra-st-time} C {st-time} C {time} C {weak-time} C {ultra-weak-time}.

»Let A be a sa operator on H and D; and D, be non-zero subspaces of . A
sesqui-linear form

tB:D1XD2—>(C, DIXD29(¢5¢)HtB[¢7w]€(C

with domain D(tg) = Dy x D5 is called an ultra-weak time operatorof A if
3D, 3E C Dy N D; such that the following (1)—(3) hold: (1) E C D(A)N D.
(2) tg[o, ¥]* = tg[y, @] for all p,4» € D. (3) AE C Dy and, for all ¢, ¢ € E,

tB[A¢7 1/)] - tB[A'L/)v ¢]* = _I((ba w)
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»We define

v, 0] = 5((6, 5:0) + (5.0, 6)), .6 € Lo
QL. d] = ((6,570) + (ST, 6)), 6€ &

t. is defined by
=1 dt
Le., t-[tho © 1, do © b1] = to[tho, o] + ta[t)1, #1].
Theorem (FH+Teranishi) J

t. is an ultra-weak time operator of h. under the decomposition h. = heyen @ hodd.
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Continuous limit

The Aharonov-Bohm operator Tag = (t+ t*) can be extended to the ultra-weak
time operator. Let

tasolth 6] = 3 {(0t6) + (t6,0)} 4,0 € Mo,
gl 6] = 5 (5, £°6) + (£0.0)} .6 €My,

Define t4g by
tas = tag,o @ tas,1-

We can see that tap is an ultra-weak time operator of %qz.

Theorem (FH+Teranishi)

sli_r;no t[¥, 9] = tag[v, ¢).
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Matrix representations for o € (0,1)
We set e = 1, and t.-; = t, S, = S# and h._; = h. We also set

5 _ e—ax2/2
o= .
»We want to see the function K, such that

t[Xagaanga] = (goc; Kabga); a, beNU {O}

Let us set

Theorem (FH+Teranishi)
Suppose that o € (0,1). Let p be a polynomial. Then

(e 152 &
(e 10 152 ) ,
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5*p(X2)X§a =

N ~.




Together with them we have the matrix representation of t. Let
R = LH{x"e /2 | p e NU{0}}.

We can see t[f,, fp] for f,, f, € R, in the corollary below.

Corollary

Fix o € (0,1). Let f, = x*¢,, and f, = x*¢,,. Then [f., f,] is given by

—; (o ferem—ryiog 221 e ) a-2nb=2m

i n 2mt2 _ 2nt2 1+«
3 Ea, § (tax ty) log 1= }£a> a=2n+1,b=2m+1
0 otherwise.

We discuss the case of « = 1. Let

A =LH{x"e /2| ne NU{0}}.

Theorem (FH+Teranishi)
AN D(S%) = {0}. In particular, let e, be an ev of h, then e, ¢ D(S%). J
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Galapon operator

Tef = iz Z %e

n m#n

We define the unbounded operator Py by

Proposition
[h, T¢] = —i(2nPy — 1) and [h, T¢] = il on LH{e, — e | n # m}. J

We can also define the sesqui-linear form associated with T¢ by

tol6, 4] = 316, o) + (Too, )}

Theorem (angle operator # Galapon operator)
t# tc. J

Proof: t¢ is bounded, but t is unbounded. O
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Phase operator

a=p+iqand a* =p—iq. Then [a,a*] = 1. Let N = a*a. Phase operator qAS
satisfies [N, ¢] = i1. Heuristically we have

[N, f(a)] = —f'(a)a.

Setting —f’(a)a = +i1, we implicitly yield that f(a) = —ilog a.
»We formally have

b= —é(loga — log a®).
»Let A be a linear operator in L?(R). We define log A by

oo

log A = 72%(]17A)"

n=1

with the domain

D(log A) = {f € L*(R)

=1
Z E(]l — A)"f strongly converges} .

n=1
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»L2(R) = @ L,, where

1 n
L,=LH {\/F(H a*)Q} ,

2 n .
where Q(x) = 7~ /*e=*"/2 and H#(H a*)Q| = 1.
a'Ll,— Lo, a:Ll,— Lo

Let Dinite be the finite particle subspace defined by

Dfinite = LH { i H a*Q
= V!

n—Oforn>3m}

Lemma
D finite C D(log a) and D finite N D(log a*) = {0}. In particular D((ﬁ) ND finite = {O}J

From Lemma we can see that ¢A> is not well defined on Dgnire. This fact is fatal to
consider ¢.

Fumio Hiroshima Kyushu University, Fukuoka Japan Angle operators and phase operators associated with 1 April 28, 2022 22/28



Angle operator and phase operator

»Another candidate of a time operator is formally given by

~

Oy = —é(log a* a+logaatt).

Note that formally {% loga*'a}" = %logaa* .

»Let
= f_z

The operator a* ! is defined by

7 f_z

© 2
Cn
||a co:O,E — < 0
n
n=1

H a*Q, D H =2
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Let {e,}, be the set of normalized eigenvectors of N which satisfies that
Ne, = ne,. U: L?(R) — L?(R) is a unitary operator defined by

Ue, = (n)"Y22*"Q, n>0.
We define subspaces of L?(R) by
£0 = LH{e_O”‘Z/2 |a€(0,1)},
£ = LH{xefaxz/2 |a€(0,1)}.

Lemma (FH+Teranishi)

Uarctan(q~1p)U* = —é log (a*_la) on ULy,

Uarctan(pg 1 )U* = —é log (aa*_l) on UL;.
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Let
_ _L x—1 * _ _i *—1
S= 5 log(a*~"a), S*= 5 log(aa™ ™).
We define
1
t0[¢a ¢] = 5 {(5¢71/J) + (¢?5¢)}a ¢7w € U£07
alo.0] = 5 ((5°0.0) + (1.5°9)}, 6.6 € UL,

We define
L=t Ot
Moreover the ultra-weak time operator associated with angle operator
T = L(arctan t + arctan t*) is denoted by t.
Theorem (FH+Teranishi)
t and t, are unitary equivalent, i.e., o, ] = t.[Us, U3]. J
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Shift operator

> [2(R) 2 2(NX).

Let L be the left-shift and the adjoint L* the right-shift. Let f € /2(N*). It is
defined by

(n=1) p>1
(,,) _ f n =
(LF) { 0 n=20

(L*F)() = FrtD),
We can see that
LL*=1, L*L=1- Pq,

where Pq is the projection to 1D subspace spanned by Q.
In terms of the shift L#, we obtain that

a=LVN=+vN+1L,
a*=L"VN+1=VNL"
Note that N = a*a and N + 1 = aa*.
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Galapon operators and shift operators
Let

L =i{log(1— L) —log(1— L*)}.

Lemma

(1) Dfinite C D(log(1 — L#)). In particular L¢ is well defined on ® finise.
(2) [N, Lg] = =il on Ran((]l — L)L*) N D(NLg) N D(LgN).

Let us remind you that

o0

Tef =iy (Y 7(:’1’,'3%

n=0 \ m#n

T¢ is bounded and [N, Tg] = il on LH{e, — e, | n # m}.
»LH{e, — en} C Ran((1— L)L*) N D(NLg) N D(LgN).

Theorem (FH+Teranishi)

Te = Lg on D(log(1 — L)) N D(log(1l — L*)). In particular L has the bounded
operator extension.
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Concluding remarks
In physics it is formally treated that [h, A] = +i1 for

A= Ta TG7$7

(em+) o
n n

where T = J(arctang~'p+arctanpg™?), Te =i >, >, ., o
o= §(Ioga — log a*). We made relationships among them clear.
(1) T#Te.
(2) If T is defined in the sense of sesqui-linear form ¢, then the domain of t is
dense and t[ho, V] — t{h, d]* = —i(¢, 1) hols on a dense subspace.

(3) The continuous limit of T. is Tag = (¢ p+ pg~?).
(4a) A matrix representation of t is given for a € (0,1).
(4b) It can be extended to i € H \ {/}.
5) D($) N Dinize = {0}.
6) T= L(loga*~ 'a+logaa*™t).

7) T = i{log(1— L) —log(1— L*)} holds true for shift operator L.

8) We can construct time operators of the form c(log f(L) — log f(L*)).

(
(
(
(
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